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Abstract: 

 In this paper focused to study to find integer design of solutions Diophantine Equation  

𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃𝛽 with 𝛼 > 0, 𝛽 > 0 

with Mathematical induction method for 𝛽 = 1,2,3,4, … 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛. Having integer design of 

solutions for 𝛽 > 2 is 

 x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛, 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 

 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛, 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2, 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, 

 s= (
𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1 .whenever 1 + 𝑘4 is even, p is odd  

and  

x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛, 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛,  𝛼 =

(1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2, 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
, 

  u = (
𝑝+1

2
)

2

+ 1 . if 1 + 𝑘4 and p is odd. Here k must be positive integer. 

I. Introduction: 

Diophantine equations, which are polynomial equations restricted to integer solutions, occupy 

a central place in algebraic number theory. Within this broad framework, exponential and 
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higher-degree forms—including quintic Diophantine equations—extend their significance 

beyond pure mathematics into applied scientific domains. 

II. Results & Discussions: 

Proportion 1: A Study on Diophantine Equation   

   𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃. 

Clearly, we know that from Reference [1], 𝑝2 + 𝑞2 + 𝑟2 + 𝑠2 = 𝑡2 + 𝑢2 having different sets 

of integer solutions is illustrated below: 

𝑖f p is odd then 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1. 

It follows that we go to prove that find integer design of solutions of  

𝜶(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃 

Let x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘2𝑛, 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t 

=
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1 . 

Consider 𝛼(𝑋4 + 𝑌4) = 𝛼𝑘4𝑛(1 + 𝑘4) 

Again consider (𝑍2 − 𝑊2)𝑃 = 𝑘4𝑛(𝑘6 − 𝑘4). 

It follows that 𝛼(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃 implies that  

𝛼𝑘4𝑛(1 + 𝑘4) = (𝐶2 − 𝐷2)𝑘4𝑛(𝑘6 − 𝑘4) implies 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4). Solve 

for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet. 

From the References, we know that 

 if r is an even number, then ( r, (
𝑟

2
)

2

− 1, (
𝑟

2
)

2

+ 1) is a Pythagorean triplet. 

if r is an odd number, then ( r, 
𝑟2−1

2
, 

𝑟2+1

2
) is a Pythagorean triplet. 

It implies that (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet depends on 1 + 𝑘4 is  it odd or 

even. 

Case 1: If 1 + 𝑘4 is even, then ( 1 + 𝑘4, (
1+𝑘4

2
)

2

− 1, (
1+𝑘4

2
)

2

+ 1) is a Pythagorean triplet. It 

follows that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4) and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃 

having integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝟐𝒏, 
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 𝑪 = ((
𝟏+𝒌𝟒

𝟐
)

𝟐

+ 𝟏) 𝒏,  𝑫 = ((
𝟏+𝒌𝟒

𝟐
)

𝟐

− 𝟏) 𝒏, 𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝒏𝟐, 𝑞 = 𝐩 + 𝟏 ,  

 𝐫 =
𝐩𝟐−𝟏

𝟐
, s= (

𝐩+𝟏

𝟐
)

𝟐

− 𝟏 , t =
𝐩𝟐+𝟏

𝟐
,  u = (

𝐩+𝟏

𝟐
)

𝟐

+ 𝟏 when ever p is odd. 

Case 2: If 1 + 𝑘4 is odd, then ( 1 + 𝑘4, 
(1+𝑘4)

2
−1

2
,  

(1+𝑘4)
2

+1

2
) is a Pythagorean triplet. It follows 

that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4) and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛. Hence 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑛2. 

Hence, we obtain 𝜶(𝑿𝟒 + 𝒀𝟒) = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷. 

 Having an integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝟐𝒏,  

𝑪 = (
(𝟏+𝒌𝟒)

𝟐
+𝟏

𝟐
) ) 𝒏, 𝑫 = (

(𝟏+𝒌𝟒)
𝟐

−𝟏

𝟐
) 𝒏,  𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒). 

E.g. 1: Suppose k = 2 then 1 + 𝑘4 = 17, is odd; Having an integer design of solution is 

 x = 2𝑛, 𝑦 = 2𝑛+1, 𝑧 = 2𝑛+3, 𝑤 = 2𝑛+2, 𝑝 = 22𝑛, 

 𝐶 = (
(1+24)

2
+1

2
) ) 𝑛 = 145𝑛, 𝐷 = (

(1+24)
2

−1

2
) = 144𝑛n 

𝐶2 − 𝐷2 = (1 + 24)2𝑛2,  𝛼 = (1 + 24)(26 − 24)𝑛2. 

Suppose n = 1; then x = 2, 𝑦 = 4, 𝑧 = 16, 𝑤 = 8, 𝑝 = 4, 

 𝐶 = (
(1+24)

2
+1

2
) ) = 145, 𝐷 = (

(1+24)
2

−1

2
) = 144 

 𝐶2 − 𝐷2 = (1 + 24)2 = 289,  𝛼 = (1 + 24)(26 − 24) = 816. 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) =816(𝟐𝟒 + 𝟒𝟒) = 𝟐𝟐𝟏𝟗𝟓𝟐. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷 =  𝟐𝟖𝟗 ∗ (𝟏𝟔𝟐 − 𝟖𝟐) ∗ 𝟒 = 𝟐𝟐𝟏𝟗𝟓𝟐. 

E.g. 2: Suppose k = 3 then 1 + 𝑘4 = 82, is even; Having an integer design of solution is 

 x = 3𝑛, 𝑦 = 3𝑛+1, 𝑧 = 3𝑛+3, 𝑤 = 3𝑛+2, 𝑝 = 32𝑛, 

𝐶 = ((
1+34

2
)

2

+ 1) 𝑛 = 1681𝑛,  𝐷 = ((
1+34

2
)

2

− 1) 𝑛 = 1600𝑛 

 𝐶2 − 𝐷2 = (1 + 34)2𝑛2 = 6724𝑛,  𝛼 = (1 + 34)(36 − 34)𝑛2 = 53136𝑛2. 

Suppose n = 1; then x = 3, 𝑦 = 9, 𝑧 = 81, 𝑤 = 27, 𝑝 = 9, 𝐶2 − 𝐷2 = 6724,  𝛼 = 53136 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) =53136(𝟑𝟒 + 𝟗𝟒) = 𝟑𝟓𝟐𝟗𝟐𝟗𝟑𝟏𝟐. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷 =  𝟔𝟕𝟐𝟒 ∗ (𝟖𝟏𝟐 − 𝟐𝟕𝟐) ∗ 𝟗 = 𝟑𝟓𝟐𝟗𝟐𝟗𝟑𝟏𝟐. 
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Proportion 2: A Study on Diophantine Equation 

𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃2 

Clearly, we know that from Reference [1], 𝑝2 + 𝑞2 + 𝑟2 + 𝑠2 = 𝑡2 + 𝑢2 having different sets 

of integer solutions is illustrated below: 

𝑖f p is odd then 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1. 

Now we can find integer design of solutions of 𝜶(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃2 

Let x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛 

Consider 𝛼(𝑋4 + 𝑌4) = 𝛼𝑘4𝑛(1 + 𝑘4) 

Again consider (𝑍2 − 𝑊2)𝑷𝟐 = 𝑘4𝑛(𝑘6 − 𝑘4). 

It follows that 𝛼(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑷𝟐 implies that  

𝛼𝑘4𝑛(1 + 𝑘4) = (𝐶2 − 𝐷2)𝑘4𝑛(𝑘6 − 𝑘4) implies 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4). Solve 

for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet. 

From the References, we know that 

 if r is an even number, then ( r, (
𝑟

2
)

2

− 1, (
𝑟

2
)

2

+ 1) is a Pythagorean triplet. 

if r is an odd number, then ( r, 
𝑟2−1

2
, 

𝑟2+1

2
) is a Pythagorean triplet. 

It implies that (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet depends on 1 + 𝑘4 is  it odd or 

even. 

Case 1: If 1 + 𝑘4 is even, then ( 1 + 𝑘4, (
1+𝑘4

2
)

2

− 1, (
1+𝑘4

2
)

2

+ 1) is a Pythagorean triplet. It 

follows that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4) and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃2  

having integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏, 𝑪 =

((
𝟏+𝒌𝟒

𝟐
)

𝟐

+ 𝟏) 𝒏, 𝑫 = ((
𝟏+𝒌𝟒

𝟐
)

𝟐

− 𝟏) 𝒏, 𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝒏𝟐. 

Case 2: If 1 + 𝑘4 is odd, then ( 1 + 𝑘4, 
(1+𝑘4)

2
−1

2
,  

(1+𝑘4)
2

+1

2
) is a Pythagorean triplet. It follows 

that 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4) and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛.  
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Hence  𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃2, 

having an integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏,  

𝑪 = (
(𝟏+𝒌𝟒)

𝟐
+𝟏

𝟐
) ) 𝒏, 𝑫 = (

(𝟏+𝒌𝟒)
𝟐

−𝟏

𝟐
) 𝒏,  𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝒏𝟐. 

E.g. 1: Suppose k = 2 then 1 + 𝑘4 = 17, is odd; Having an integer design of solution is 

 x = 2𝑛, 𝑦 = 2𝑛+1, 𝑧 = 2𝑛+3, 𝑤 = 2𝑛+2, 𝑝 = 2𝑛, 

 𝐶 = (
(1+24)

2
+1

2
) ) 𝑛 = 145𝑛, 𝐷 = (

(1+24)
2

−1

2
) = 144𝑛n 

𝐶2 − 𝐷2 = (1 + 24)2𝑛2,  𝛼 = (1 + 24)(26 − 24)𝑛2. 

Suppose n = 1;  

then x = 2, 𝑦 = 4, 𝑧 = 16, 𝑤 = 8, 𝑝 = 2, 𝐶 = (
(1+24)

2
+1

2
) ) = 145, 𝐷 = (

(1+24)
2

−1

2
) = 144 

 𝐶2 − 𝐷2 = (1 + 24)2 = 289,  𝛼 = (1 + 24)(26 − 24) = 816. 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) =816(𝟐𝟒 + 𝟒𝟒) = 𝟐𝟐𝟏𝟗𝟓𝟐. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟐 =  𝟐𝟖𝟗 ∗ (𝟏𝟔𝟐 − 𝟖𝟐) ∗ 𝟒 = 𝟐𝟐𝟏𝟗𝟓𝟐. 

E.g. 2: Suppose k = 3 then 1 + 𝑘4 = 82, is even; Having an integer design of solution is 

 x = 3𝑛, 𝑦 = 3𝑛+1, 𝑧 = 3𝑛+3, 𝑤 = 3𝑛+2, 𝑝 = 32𝑛,𝐶 = ((
1+34

2
)

2

+ 1) 𝑛 = 1681𝑛, 

 𝐷 = ((
1+34

2
)

2

− 1) 𝑛 = 1600𝑛, 𝐶2 − 𝐷2 = (1 + 34)2𝑛2 = 6724𝑛,  

 𝛼 = (1 + 34)(36 − 34)𝑛2 = 53136𝑛2. 

Suppose n = 1;  

then x = 3, 𝑦 = 9, 𝑧 = 81, 𝑤 = 27, 𝑝 = 3, 𝐶 = ((
1+34

2
)

2

+ 1) = 1681, 

 𝐷 = ((
1+34

2
)

2

− 1) = 1600, 𝐶2 − 𝐷2 = 6724,  𝛼 = 53136 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) =53136(𝟑𝟒 + 𝟗𝟒) = 𝟑𝟓𝟐𝟗𝟐𝟗𝟑𝟏𝟐. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟐 =  𝟔𝟕𝟐𝟒 ∗ (𝟖𝟏𝟐 − 𝟐𝟕𝟐) ∗ 𝟗 = 𝟑𝟓𝟐𝟗𝟐𝟗𝟑𝟏𝟐. 

Proportion 3: A Study on Diophantine Equation   

𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃3 

Clearly, we know that from Reference [1], 𝑝2 + 𝑞2 + 𝑟2 + 𝑠2 = 𝑡2 + 𝑢2 having different sets 

of integer solutions is illustrated below: 
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𝑖f p is odd then 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1. 

Now we can find integer design of solutions of 𝜶(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃3 

Let x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛 

Consider 𝛼(𝑋4 + 𝑌4) = 𝛼𝑘4𝑛(1 + 𝑘4) 

Again consider (𝑍2 − 𝑊2)𝑷𝟑 = 𝑘5𝑛(𝑘6 − 𝑘4). 

It follows that 𝛼(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑷𝟐 implies that  

𝛼𝑘4𝑛(1 + 𝑘4) = (𝐶2 − 𝐷2)𝑘5𝑛(𝑘6 − 𝑘4) implies 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘𝑛. 

Solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet. 

From the References, we know that 

 if r is an even number, then ( r, (
𝑟

2
)

2

− 1, (
𝑟

2
)

2

+ 1) is a Pythagorean triplet. 

if r is an odd number, then ( r, 
𝑟2−1

2
, 

𝑟2+1

2
) is a Pythagorean triplet. 

It implies that (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet depends on 1 + 𝑘4 is  it odd or 

even. 

Case 1: If 1 + 𝑘4 is even, then ( 1 + 𝑘4, (
1+𝑘4

2
)

2

− 1, (
1+𝑘4

2
)

2

+ 1) is a Pythagorean triplet. It 

follows that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘𝑛 and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘𝑛𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃3  

having integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏, 𝑪 =

((
𝟏+𝒌𝟒

𝟐
)

𝟐

+ 𝟏) 𝒏,  𝑫 = ((
𝟏+𝒌𝟒

𝟐
)

𝟐

− 𝟏) 𝒏, 𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝑘𝑛𝒏𝟐. 

Case 2: If 1 + 𝑘4 is odd, then ( 1 + 𝑘4, 
(1+𝑘4)

2
−1

2
,  

(1+𝑘4)
2

+1

2
) is a Pythagorean triplet. It follows 

that 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘𝑛 and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes 

a Pythagorean Triplet with 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛. Hence 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘𝑛𝑛2. 

Hence, we obtain  𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃3 

having an integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏,  

𝑪 = (
(𝟏+𝒌𝟒)

𝟐
+𝟏

𝟐
) ) 𝒏, 𝑫 = (

(𝟏+𝒌𝟒)
𝟐

−𝟏

𝟐
) 𝒏,  𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝑘𝑛𝒏𝟐. 
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E.g. 1: Suppose k = 2 then 1 + 𝑘4 = 17, is odd; Having an integer design of solution is 

 x = 2𝑛, 𝑦 = 2𝑛+1, 𝑧 = 2𝑛+3, 𝑤 = 2𝑛+2, 𝑝 = 2𝑛, 

 𝐶 = (
(1+24)

2
+1

2
) ) 𝑛 = 145𝑛, 𝐷 = (

(1+24)
2

−1

2
) = 144𝑛n 

𝐶2 − 𝐷2 = (1 + 24)2𝑛2,  𝛼 = (1 + 24)(26 − 24) ∗ 2𝑛 ∗ 𝑛2. 

Suppose n = 1;  

then x = 2, 𝑦 = 4, 𝑧 = 16, 𝑤 = 8, 𝑝 = 2, 𝐶 = (
(1+24)

2
+1

2
) ) = 145, 𝐷 = (

(1+24)
2

−1

2
) = 144 

 𝐶2 − 𝐷2 = (1 + 24)2 = 289,  𝛼 = (1 + 24)(26 − 24) ∗ 2 = 1632. 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) =1632*(𝟐𝟒 + 𝟒𝟒) = 𝟒𝟒𝟑𝟗𝟎𝟒. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟑 =  𝟐𝟖𝟗 ∗ (𝟏𝟔𝟐 − 𝟖𝟐) ∗ 𝟖 = 𝟒𝟒𝟑𝟗𝟎𝟒. 

E.g. 2: Suppose k = 3 then 1 + 𝑘4 = 82, is even; Having an integer design of solution is 

 x = 3𝑛, 𝑦 = 3𝑛+1, 𝑧 = 3𝑛+3, 𝑤 = 3𝑛+2, 𝑝 = 3𝑛,𝐶 = ((
1+34

2
)

2

+ 1) 𝑛 = 1681𝑛, 

 𝐷 = ((
1+34

2
)

2

− 1) 𝑛 = 1600𝑛, 𝐶2 − 𝐷2 = (1 + 34)2𝑛2 = 6724𝑛,  

 𝛼 = (1 + 34)(36 − 34)3𝑛𝑛2 = 53136 ∗ 3𝑛 ∗ 𝑛2. 

Suppose n = 1;  

then x = 3, 𝑦 = 9, 𝑧 = 81, 𝑤 = 27, 𝑝 = 3, 𝐶 = ((
1+34

2
)

2

+ 1) = 1681, 

 𝐷 = ((
1+34

2
)

2

− 1) = 1600, 𝐶2 − 𝐷2 = 6724,  𝛼 = 159408 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) = 159408(𝟑𝟒 + 𝟗𝟒) = 𝟏𝟎𝟓𝟖𝟕𝟖𝟕𝟗𝟑𝟔. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟑 =  𝟔𝟕𝟐𝟒 ∗ (𝟖𝟏𝟐 − 𝟐𝟕𝟐) ∗ 𝟐𝟕 = 𝟏𝟎𝟓𝟖𝟕𝟖𝟕𝟗𝟑𝟔. 

Proportion 4: A Study on Diophantine Equation 

 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃4 

Clearly, we know that from Reference [1], 𝑝2 + 𝑞2 + 𝑟2 + 𝑠2 = 𝑡2 + 𝑢2 having different sets 

of integer solutions is illustrated below: 

𝑖f p is odd then 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1. 

Now we can find integer design of solutions of 𝜶(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃4 

Let x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛 

Consider 𝛼(𝑋4 + 𝑌4) = 𝛼𝑘4𝑛(1 + 𝑘4). Again consider (𝑍2 − 𝑊2)𝑷𝟒 = 𝑘6𝑛(𝑘6 − 𝑘4). 
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It follows that 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃4 

implies that 𝛼𝑘4𝑛(1 + 𝑘4) = (𝐶2 − 𝐷2)𝑘6𝑛(𝑘6 − 𝑘4) implies 

 𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘2𝑛. Solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet. 

From the References, we know that 

 if r is an even number, then ( r, (
𝑟

2
)

2

− 1, (
𝑟

2
)

2

+ 1) is a Pythagorean triplet. 

if r is an odd number, then ( r, 
𝑟2−1

2
, 

𝑟2+1

2
) is a Pythagorean triplet. 

It implies that (1 + 𝑘4, 𝐷, 𝐶) becomes a Pythagorean Triplet depends on 1 + 𝑘4 is  it odd or 

even. 

Case 1: If 1 + 𝑘4 is even, then ( 1 + 𝑘4, (
1+𝑘4

2
)

2

− 1, (
1+𝑘4

2
)

2

+ 1) is a Pythagorean triplet. It 

follows that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘𝑛 and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘2𝑛𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃4  

having integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏, 𝑪 =

((
𝟏+𝒌𝟒

𝟐
)

𝟐

+ 𝟏) 𝒏, 𝑫 = ((
𝟏+𝒌𝟒

𝟐
)

𝟐

− 𝟏) 𝒏, 𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝑘2𝑛𝒏𝟐. 

Case 2: If 1 + 𝑘4 is odd, then ( 1 + 𝑘4, 
(1+𝑘4)

2
−1

2
,  

(1+𝑘4)
2

+1

2
) is a Pythagorean triplet. It follows 

that  

𝛼(1 + 𝑘4) = (𝐶2 − 𝐷2)(𝑘6 − 𝑘4)𝑘𝑛 and solve for 𝛼, whenever (1 + 𝑘4, 𝐷, 𝐶) becomes a 

Pythagorean Triplet with 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛. Hence 

 𝐶2 − 𝐷2 = (1 + 𝑘4)2𝑛2 and hence 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘2𝑛𝑛2. 

Hence, we obtain 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃4,  

having an integer design of solution is x = 𝒌𝒏, 𝒚 = 𝒌𝒏+𝟏, 𝒛 = 𝒌𝒏+𝟑, 𝒘 = 𝒌𝒏+𝟐, 𝒑 = 𝒌𝒏,  

𝑪 = (
(𝟏+𝒌𝟒)

𝟐
+𝟏

𝟐
) ) 𝒏, 𝑫 = (

(𝟏+𝒌𝟒)
𝟐

−𝟏

𝟐
) 𝒏,  𝜶 = (𝟏 + 𝒌𝟒)(𝒌𝟔 − 𝒌𝟒)𝑘2𝑛𝒏𝟐. 

E.g. 1: Suppose k = 2 then 1 + 𝑘4 = 17, is odd; Having an integer design of solution is 

 x = 2𝑛, 𝑦 = 2𝑛+1, 𝑧 = 2𝑛+3, 𝑤 = 2𝑛+2, 𝑝 = 2𝑛, 
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 𝐶 = (
(1+24)

2
+1

2
) ) 𝑛 = 145𝑛, 𝐷 = (

(1+24)
2

−1

2
) = 144𝑛:𝐶2 − 𝐷2 = (1 + 24)2𝑛2,  

 𝛼 = (1 + 24)(26 − 24) ∗ 22𝑛 ∗ 𝑛2. 

Suppose n = 1;  

then x = 2, 𝑦 = 4, 𝑧 = 16, 𝑤 = 8, 𝑝 = 2, 𝐶 = (
(1+24)

2
+1

2
) ) = 145, 𝐷 = (

(1+24)
2

−1

2
) = 144 

 𝐶2 − 𝐷2 = (1 + 24)2 = 289,  𝛼 = (1 + 24)(26 − 24) ∗ 4 = 3264. 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) = 3264*(𝟐𝟒 + 𝟒𝟒) = 𝟖𝟖𝟕𝟖𝟎𝟖. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟒 =  𝟐𝟖𝟗 ∗ (𝟏𝟔𝟐 − 𝟖𝟐) ∗ 𝟏𝟔 = 𝟖𝟖𝟕𝟖𝟎𝟖. 

E.g. 2: Suppose k = 3 then 1 + 𝑘4 = 82, is even; Having an integer design of solution is 

 x = 3𝑛, 𝑦 = 3𝑛+1, 𝑧 = 3𝑛+3, 𝑤 = 3𝑛+2, 𝑝 = 3𝑛,𝐶 = ((
1+34

2
)

2

+ 1) 𝑛 = 1681𝑛, 

 𝐷 = ((
1+34

2
)

2

− 1) 𝑛 = 1600𝑛, 𝐶2 − 𝐷2 = (1 + 34)2𝑛2 = 6724𝑛,  

 𝛼 = (1 + 34)(36 − 34)32𝑛𝑛2 = 53136 ∗ 32𝑛 ∗ 𝑛2. 

Suppose n = 1; then x = 3, 𝑦 = 9, 𝑧 = 81, 𝑤 = 27, 𝑝 = 3, 𝐶 = ((
1+34

2
)

2

+ 1) = 1681, 

 𝐷 = ((
1+34

2
)

2

− 1) = 1600, 𝐶2 − 𝐷2 = 6724,  𝛼 = 478224 

Consider LHS= 𝜶(𝑿𝟒 + 𝒀𝟒) = 478224 ∗ (𝟑𝟒 + 𝟗𝟒) = 𝟑𝟏𝟕𝟔𝟑𝟔𝟑𝟖𝟎𝟖. 

RHS = (𝑪𝟐 − 𝑫𝟐)(𝒁𝟐 − 𝑾𝟐)𝑷𝟒 =  𝟔𝟕𝟐𝟒 ∗ (𝟖𝟏𝟐 − 𝟐𝟕𝟐) ∗ 𝟖𝟏 = 𝟑𝟏𝟕𝟔𝟑𝟔𝟑𝟖𝟎𝟖. 

 

Main result: 

 A STUDY ON 

 𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) = (𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃𝛽 with 𝛼 > 0, 𝛽 > 0. 

Clearly, we know that from Reference [1], 𝑝2 + 𝑞2 + 𝑟2 + 𝑠2 = 𝑡2 + 𝑢2 having different sets 

of integer solutions is illustrated below: 

𝑖f p is odd then 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1. 

Now we can find integer design of solutions of 𝜶(𝑋4 + 𝑌4) = (𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃𝛽 

Having integer design of solutions for 𝛽 > 2 is 

 x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛, 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 
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 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛, 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2, If 1 + 𝑘4 is even and  

x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛,  

𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛,  𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2 if 1 + 𝑘4 is odd. 

Conclusion: 

This equation generalizes classical Diophantine problems, blending sums of fourth powers with 

multiplicative factorizations. While challenging, targeted parametrization and modular analysis 

can yield solutions. Future work may classify solutions for specific α, β or link to broader 

number-theoretic frameworks. The parametric framework provides infinite families of 

solutions by exploiting algebraic identities and modular arithmetic. Future work could explore 

non-parametric solutions or generalizations to higher exponents. 

Integer design of solutions Diophantine Equation  𝜶(𝑋4 + 𝑌4)(𝑝2 + 𝑞2 + 𝑟2 + 𝑠2) =

(𝑡2 + 𝑢2)(𝐶2 − 𝐷2)(𝑍2 − 𝑊2)𝑃𝛽 with 𝛼 > 0, 𝛽 > 0 with Mathematical induction method 

for 𝛽 = 1,2,3,4, … 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛. Having integer design of solutions for 𝛽 > 2 is 

 x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛, 𝐶 = ((
1+𝑘4

2
)

2

+ 1) 𝑛, 

 𝐷 = ((
1+𝑘4

2
)

2

− 1) 𝑛, 𝛼 = (1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2, 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, 

 s= (
𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
,  u = (

𝑝+1

2
)

2

+ 1 .whenever 1 + 𝑘4 is even, p is odd  

and  

x = 𝑘𝑛, 𝑦 = 𝑘𝑛+1, 𝑧 = 𝑘𝑛+3, 𝑤 = 𝑘𝑛+2, 𝑝 = 𝑘𝑛, 𝐶 = (
(1+𝑘4)

2
+1

2
) ) 𝑛, 𝐷 = (

(1+𝑘4)
2

−1

2
) 𝑛,  𝛼 =

(1 + 𝑘4)(𝑘6 − 𝑘4)𝑘(𝛽−2)𝑛𝑛2, 𝑞 = 𝑝 + 1 ,  𝑟 =
𝑝2−1

2
, s= (

𝑝+1

2
)

2

− 1 , t =
𝑝2+1

2
, 

  u = (
𝑝+1

2
)

2

+ 1 . if 1 + 𝑘4 and p is odd. Here k must be positive integer 
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