YMER || ISSN : 0044-0477 http://ymerdigital.com

INTEGER DESIGN OF SOLUTIONS OF ONE OF THE
DIOPHANTINE EQUATIONS

a(X* +Y*)(P? + Q% + R? + §?)
= (T% + U?)(C% — D?)(Z2 — W2%)P#
WITH X<Y<W<Z and Pis ODD, a > 0,8 > 0

Dr T.SRINIVAS*, K. UMADEVI?

1.Department of FME, Associate Professor, Audi Sankara Deemed to be University, Gudur bypass,
Gudur, Tirupati. Email Id: drtsrinivas80@gmail.com
2. Assistant Professor in Mathematics, Visvesvaraya college of Engineering and Technology,

Ibrahimpatnam, Telangana, India Email Id: umadevi975@gmail.com

Abstract:

In this paper focused to study to find integer design of solutions Diophantine Equation
a(X* +YH(?+q? +r? +52) = (t? +u?)(C* = D*)(Z?> —W?)PF with a>0,8>0
with Mathematical induction method for § = 1,2,3,4, ... and so on. Having integer design of

solutions for f > 2 is

)
x=k",y — kn+1,Z — kn+3,W — kn+2,p — kn, C = ((l-l-zk ) n 1) n,

2
D=((%5) - 1)na=A+kNUE kDD g =p+1, r =22

2 2 2
§= (p—H) —1, =2 = (p—ﬂ) + 1 .whenever 1 + k* is even, p is odd
2 2 2

and

_ LN oA, — LN+l . _ ,n+3 _ ,n+2 ., _ I,n _ (1+k4)2+1 _ (1+k4)2_1 _
x=k™My=k""z=k"",w=k""*p=k",C = T) n,D = — ) a=

2_ 2 2
(L +kDKE = kEFDmm2 g =p+1, r=" 5= (B2) —1,1=22

2
u= (pzj) + 1.if 1 + k* and p is odd. Here k must be positive integer.

1. Introduction:

Diophantine equations, which are polynomial equations restricted to integer solutions, occupy

a central place in algebraic number theory. Within this broad framework, exponential and
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higher-degree forms—including quintic Diophantine equations—extend their significance

beyond pure mathematics into applied scientific domains.

II. Results & Discussions:
Proportion 1: A Study on Diophantine Equation
aX*+ Y (p? +q* + 1% +s%) = (t* + u?)(C?* — D*)(Z* — W?)P.
Clearly, we know that from Reference [1], p% + g% + r? + s? = t? + u? having different sets

of integer solutions is illustrated below:

. _ _p2-1 _ (p#\E L pP41 o (p+1)?
ifpisoddtheng=p+1, r= 2 ,S—(Z) 1, 1= z’u_(z) + L

It follows that we go to prove that find integer design of solutions of

a(X* +Y*) = (C? — D?)(Z2 — W?)P

2_ 2
Letx=k",y=k"+1,z=k”+3,w=k"+2,p=k2”,q=p+1, 7‘=p21,s= (pT-I-l) —1.¢

241 +1)2
=p2 , u=(—p2) +1.

Consider a(X* + Y*) = ak*™(1 + k%)
Again consider (Z2 — W?)P = k*"(k® — k*).
It follows that a(X* + Y*) = (C? — D?)(Z? — W?)P implies that

ak*(1+ k*) = (C?> — D)k*™(k® — k*) implies a(1 + k*) = (C? — D?)(k® — k*). Solve
for a, whenever (1 + k*, D, C) becomes a Pythagorean Triplet.

From the References, we know that
T 2 T 2
if r is an even number, then (1, (E) -1, (5> + 1) is a Pythagorean triplet.

in . r2—1 r?
if r is an odd number, then ( r, 5

2+1) is a Pythagorean triplet.

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depends on 1 + k* is it odd or
even.

2 2
Case 1: If 1 + k* is even, then ( 1 + k*, (1+2k ) -1, (1+k ) + 1) is a Pythagorean triplet. It

2
follows that

a(l+k*) =(C*—-D?)(k® —k*) and solve for a, whenever (1+ k*, D,C) becomes a

2 2
Pythagorean Triplet with C = ((1?4) + 1) n,D = ((1+2k4) — 1) n

C? —D? = (1+ k*)?n? and hence @ = (1 + k*)(k® — k*)n?.
Hence, we obtain a(X* + Y*)(p? + q% + r? + 52) = (t?> + u?)(C?> — D?)(Z? —W?)P

having integer design of solution is x = k*, y = k™1, z = k"3, w = k"%, p = k*",
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1+k* 1+k4\ 2
c=<(+2 ) +1>n,D=<(+2 ) —1>n,a=(1+k4)(k6—k4)n2,q=p+1,

- 2 2 2
r=" 1,s=(p—+1) —1,t=p2+1,u=(p7+1) + 1 when ever p is odd.

4\2_ 42
Case2:If 1 + k*is odd, then (1 + k*, (1+k2) L (1+k2) +1

that

) is a Pythagorean triplet. It follows

a(l+k*) = (C*—-D?)(k® —k*) and solve for a, whenever (1+ k*,D,C) becomes a
4)2 4\2_

Pythagorean Triplet with C = (%) )n, D= (%) n. Hence

C? —D? = (1+ k*)?n? and hence @ = (1 + k*)(k® — k*)n?.

Hence, we obtain a(X* + Y*) = (€? — D?)(Z% — w?)P.

Having an integer design of solution is x = k™, y = k"*1,z = k"3, w = k™%, p = k*",

C= <w)>n,D — <w>n a=(1+kH)(KS — k).

2 2
E.g. 1: Suppose k =2 then 1 + k* = 17, is odd; Having an integer design of solution is
X = zn'y — 2n+1,Z — 2n+3,W — 2n+2,p — 22n’

4)? 4\2_
C= (%) )n = 145n,D = (%) = 144nn

C?>—D?=(14+2%%n? a=(1+292°-2Yn2.

Supposen=1;thenx =2,y =4,z =16,w = 8,p = 4,

C= ((“2;&)) =145,D = ((“Z;i) = 144

C?>?—-D?=(1+2%2=1289, a=(1+2%)(2°-2%) = 816.

Consider LHS= a(X* + Y*) =816(2* + 4*) = 221952.

RHS = (C? — D?)(Z? — W?)P = 289 * (16% — 8%) x4 = 221952.

E.g. 2: Suppose k =3 then 1 + k* = 82, is even; Having an integer design of solution is
x=3"y = 3ntl ;= 3043y = 3n+2,p — 3271’

C= ((“234)2 + 1) n=1681n, D = ((”234)2 _ 1)n — 16007

C2—D? = (1+3%)2n2 = 6724n, a = (1 + 3*)(3° — 3*)n? = 53136n2.

Supposen=1;thenx =3,y =9,z =81,w = 27,p =9, C? — D? = 6724, a = 53136
Consider LHS= a(X* + Y*) =53136(3* + 9%) = 352929312.
RHS = (C? — D?)(Z? —W?)P = 6724 * (81% —27%) * 9 = 352929312.
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Proportion 2: A Study on Diophantine Equation
a(X*+ Y (p?+ q* + 12 +52) = (t* + u?)(C* — D?)(Z* —W?)P?
Clearly, we know that from Reference [1], p% + g% + r? + s? = t? + u? having different sets

of integer solutions is illustrated below:

e - _ _p?*-1 _ (p+1 2_ _ p%+1 _ (p+1 2
ifpisoddtheng=p+1, r= > ’S_(T) 1,t= —, ”_(T) +1.

Now we can find integer design of solutions of @(X* + Y*) = (C? — D?)(Z%? — W?)P?
Letx = k™ y = k™1, 7 = k"3, w = k"2, p = k"

Consider a(X* + Y*) = ak* (1 + k*)

Again consider (Z? — W2)P? = k4" (k6 — k*).

It follows that a(X* + Y*) = (C? — D?)(Z? — W?)P? implies that

ak*(1+ k*) = (C?> — D)k*™(k® — k*) implies a(1 + k*) = (C? — D?)(k® — k*). Solve
for a, whenever (1 + k*, D, C) becomes a Pythagorean Triplet.

From the References, we know that

T 2 T 2
if r is an even number, then ( t, (5) -1, (E) + 1) is a Pythagorean triplet.

2 2
: : r<—1 r<+1
if r is an odd number, then ( 1, R

) is a Pythagorean triplet.

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depends on 1 + k* is it odd or
even.

a2 2
Case 1: If 1 + k* is even, then ( 1 + k*, (1+2k ) -1, (1+2k ) + 1) is a Pythagorean triplet. It
follows that

a(l+k*) = (C*—-D?)(k® —k*) and solve for a, whenever (1+ k*, D,C) becomes a

2 2
Pythagorean Triplet with C = ((1+2k4> + 1) n,D = <<1+2k4) — 1) n

C? —D? = (1 + k*)?n? and hence @ = (1 + k*)(k® — k*)n?.
Hence, we obtain a(X* + Y*)(p? + q% + r? + s2) = (t?> + u?)(C? — D?)(Z? — W?)P?

having integer design of solution is x = k™, y = k"™, z = k"3,w = k"2, p=k™, C =

((1+k4)2 + 1) n,D = ((1+k4)2 — 1) na=(1+k*k® - k*)n?.

2 2

4\2_ 412
Case2:1f 1 + k* is odd, then (1 + k*, (1+k2) L (1+k2) 1

that a(1 + k*) = (C? — D?)(k® — k*) and solve for a, whenever (1 + k*, D, C) becomes a

. : (1+k*)*+1 (1+k*)*-1
Pythagorean Triplet with C = T) n,D = — —n

) is a Pythagorean triplet. It follows
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Hence C? — D? = (1 + k*)?n? and hence o = (1 + k*)(k® — k*)n?.

Hence, we obtain a(X* +YH)(®? +q% +r?+s%) = (t? +u?)(C? — D?)(Z? — W?)P?,
having an integer design of solution is x = k*, y = k"1, z = k"3, w = k"2, p = k™,

C = (w) )n, D= (“*L“) n, a = (1+ k*)(k® — k*)n?.

2 2
E.g. 1: Suppose k =2 then 1 + k* = 17, is odd; Having an integer design of solution is
x =27 y = 2n+1 7 = 2n+3 w = 2n+2 p= on

2 2

C2—D% = (14292, a = (1 + 2%)(2° — 29)n2.

Suppose n=1;
4)2 4)2_
thenx=2,y =4,z=16,w=8p =2,C = (%)) = 145,D = ((”22#) = 144

C?—D?=(1+2%%2=289, a=(1+2%)(2°-2% = 816.

Consider LHS= a(X* + Y*) =816(2* + 4*) = 221952.

RHS = (C? — D?)(Z? — W?)P? = 289 x (16> — 8%) x4 = 221952,

E.g. 2: Suppose k = 3 then 1 + k* = 82, is even; Having an integer design of solution is

1434

2
) + 1) n = 1681n,
2

X = 3n’y — 3n+1,Z — 3n+3,W — 3n+2,p — 32n,C — ((

a2
D= ((”23 ) - l)n = 1600n, C2 — D? = (1 + 3%)%n? = 6724n,

a = (1+3%) (3% —3*)n? = 53136n2.
Suppose n=1;

a2
1+3 ) + 1) — 1681,
2

thenx=3,y=9,z=81,w=27,p=3,C = ((

D= ((1234)2 - 1) = 1600, C? — D? = 6724, a = 53136
Consider LHS= a(X* + Y*) =53136(3* + 9*) = 352929312,
RHS = (C? — D?)(Z? — W?)P? = 6724 + (81% — 27%) 9 = 352929312.
Proportion 3: A Study on Diophantine Equation
aX*+YH (P2 +q%+1r?2+5%) = (t> +u?>)(C? - D?H)(Z?> —Ww?)P3
Clearly, we know that from Reference [1], p? + g2 + % + s% = t? + u? having different sets

of integer solutions is illustrated below:
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ifpisoddthenq=p +1, r=$,s= (%“)2—1,z=$, u= (”T“)ZH.
Now we can find integer design of solutions of a(X* + Y*) = (C? — D?)(Z? — W?)pP3
Letx = k™ y = k™1, 7 = k™3, w = k"2 p = k»

Consider a(X* + Y*) = ak**(1 + k%)

Again consider (Z2 — W?)P3 = k5™ (k® — k*).

It follows that a(X* + Y*) = (C? — D?)(Z? — W?)P? implies that

ak* (1 + k*) = (C? — D®)k>™(k® — k*) implies a(1+ k*) = (C? — D?)(k® — k*)k™
Solve for a, whenever (1 + k*, D, C) becomes a Pythagorean Triplet.

From the References, we know that
. . T 2 T 2 . .
if r is an even number, then ( r, (E) -1, (E) + 1) is a Pythagorean triplet.

2
4 2+1) is a Pythagorean triplet.

2
i r2-1
if r is an odd number, then ( r, 5

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depends on 1 + k* is it odd or
even.

w2 2
Case 1: If 1 + k* is even, then (1 + k*, (1+2k ) -1, (1+2k ) + 1) is a Pythagorean triplet. It
follows that
a(l+k*) = (C*—D?)(k® — k*)k™ and solve for a, whenever (1 + k*, D, C) becomes a

4\2 4N 2
Pythagorean Triplet with C = ((sz ) + 1) n,D = ((1+2k ) - 1) n

C?—D?=(1+k%H*n? andhence a = (1 + k*)(k® — k*)k™n?.
Hence, we obtain a(X* + Y (p? + q% + % + s?) = (¢ + u?)(C?* — D*)(Z? — W?)P3

having integer design of solution is x = k™, y = k"™, z = k"3, w = k"2, p=k", C =

((1+k4)2 + 1) n, D= <(1+k4)2 — 1> na=(1+k*)(k® — k")k™n?.

2 2

4)\2_ 4\2
Case 2: If 1 + k* is odd, then ( 1 + k*, (1+k2) L (1+k2) +1

that a(1 + k*) = (C? — D?)(k® — k*)k™ and solve for a, whenever (1 + k*, D, C) becomes

) is a Pythagorean triplet. It follows

4)2 42 _
a Pythagorean Triplet with C = (%) )n, D= (%) n. Hence

C?>—D? =1+ k*)?n?and hence @ = (1 + k*)(k® — k*)k™n?.

Hence, we obtain a(X*+YH)(p?+ q% +7r?+s?) = (t? +u?)(C?> — D?)(Z?> —W?)P3
having an integer design of solution is x = k®, y = k"*1,z = k"3, w = k"2, p = k",

C= <(1+ké¢) >n, D= (%) n a=(1+k*)k® - kY)k™n?.
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E.g. 1: Suppose k =2 then 1 + k* = 17, is odd; Having an integer design of solution is

X = zn'y — 2n+1,Z — 2n+3,W — 2n+2’p — zn,
4\2 4\2 _
C= (%) )n — 145n,D = (%) — 144nn

C?—D?=(14+2%%n? a=(1+2%)(2°—2%) 2" x n?,

Suppose n = 1;
4)2 4\2 _
thenx=2,y = 4,z=16,w =8,p =2, C = (%)) —145,D = ((“22#) — 144

C?—D?*=(1+2%%2=289, a=(1+2%)(2°—-2% x2=1632.

Consider LHS= a(X* + Y*) =1632*(2* + 4*) = 443904.

RHS = (€%? — D?)(Z? — w?)P3 = 289 * (16% — 82) * 8 = 443904.

E.g. 2: Suppose k = 3 then 1 + k* = 82, is even; Having an integer design of solution is

1+3%

X = 3n’y — 3n+1,Z — 3n+3,W — 31‘L+2’p — 3n,C — (( .

2
) + 1) n = 1681n,

2
D= ((1234) _ 1) n =1600n, C2 — D? = (1 + 3%)2n? = 6724n,

a = (1+3%)(3%—3%)3"n? = 53136 * 3" x n?.
Suppose n = 1;

1+3%

thenx=3,y=9,z=81,w=27,p=3,C = (( :

)2 + 1) = 1681,

D= ((”234)2 - 1) = 1600, C2 — D? = 6724, a = 159408
Consider LHS= a(X* + Y*) = 159408(3* + 9%) = 1058787936.

RHS = (C? — D?)(Z? — W?)P3 = 6724 » (81> — 27%) x 27 = 1058787936.
Proportion 4: A Study on Diophantine Equation

aX*+YH (P2 +q?+r2+5%) = (2 +u?)(C? - DH(Z?> —w?)p*

Clearly, we know that from Reference [1], p? + q% + r? + s? = t? + u? having different sets

of integer solutions is illustrated below:

L _ _piol (e g P (e
ifpisoddtheng=p+1, r= > :S—(Z) 1, t= z’u_(z) +1

Now we can find integer design of solutions of a(X* + Y*) = (C? — D?)(Z? — w?)pP*
Letx=k™y = k"1 z=k"3,w=Fk"2 p=k"

Consider a(X* + Y*) = ak**(1 + k*). Again consider (Z? — W?2)P* = k" (k® — k*).
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It follows that a(X* + YH)(p? + q? + r?2 + s2) = (t? + u?)(C?> — D*)(Z? —W?)P*
implies that ak*™ (1 + k*) = (C? — D?)k®™(k® — k*) implies

a(1+ k*) = (C? —D?)(k® — kH)k?™. Solve for a, whenever (1 + k*, D,C) becomes a
Pythagorean Triplet.

From the References, we know that
. . T 2 T 2 . .
if r is an even number, then ( r, (E) -1, (5) + 1) is a Pythagorean triplet.

o 2.1 7241, . .
if r is an odd number, then ( 1, TT, %) is a Pythagorean triplet.

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depends on 1 + k* is it odd or
even.

Case 1: If 1 + k* is even, then ( 1 + k*, (1+2k4)2 -1, (1+2k4)2 + 1) is a Pythagorean triplet. It
follows that

a(l+ k*) = (C?—D?)(k® — kH)k™ and solve for a, whenever (1 + k*, D, C) becomes a
Pythagorean Triplet with C = ((1+2k4)2 + 1) n,D = ((1+k4)2 - 1) n

2

C?>—D? = (1+ k*)?n? and hence o = (1 + k*)(k® — k*)k*"n?.
Hence, we obtain a(X* + Y*)(p? + q% + r? + 52) = (t?> + u?)(C?> — D?)(Z? — w?)p*

having integer design of solution is x = k", y = k™1, z = k"3, w = k"2, p = k", C =
NG 432
<(1+2k )+ 1) mb= <(1+zk ) - 1) na = (1+ kS~ kkn?.

(1+k*)? -1 (1+k*)+1
2 ’ 2

Case2:1f 1 + k*is odd, then (1 + k*,
that

) is a Pythagorean triplet. It follows

a(l+k*) = (C?—-D?)(k® — k*)k™ and solve for a, whenever (1 + k*, D, C) becomes a
4)\2 4\2_

Pythagorean Triplet with C = (%) )n, D= (%) n. Hence

C?—D?=(1+k%H*n? and hence a = (1 + k*)(k® — k*)k?"n2.

Hence, we obtain a(X* + Y*)(p? + q% + r? + 52) = (t? + u?)(C? — D?)(Z? — W?)P*,

having an integer design of solution is x = k™, y = k"1, z = k"3, w = k"2, p = k™,

c= (—(”":) 1y >n, D= (—(”":) ‘1) n, @ = (1+k*(K® - k*k?n?,

E.g. 1: Suppose k =2 then 1 + k* = 17, is odd; Having an integer design of solution is

X = zn’y — 2n+1,Z — 2n+3,W — 2n+2’p — 2n’
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(1+24)2+1 (1+24)2—1 2 2 N2 2
C = T) n = 145n,D = — = 144n:C* — D* = (1 + 2*)“n~,
a = (1+2%)(2° —2%) x 22" x n?,

Suppose n = 1;
4)2 4\2 _
thenx=2,y = 4,z=16,w =8,p =2, C = (%)) —145,D = ((“22#) — 144

C?—D?=(1+2%%2=289, a=(1+2%)(2°—2% x4 =3264.

Consider LHS= a(X* + Y*) = 3264*(2* + 4*) = 887808.

RHS = (C? — D?)(Z? — W?)P* = 289 = (16> — 8%) 16 = 887808.

E.g. 2: Suppose k = 3 then 1 + k* = 82, is even; Having an integer design of solution is

1+3%
2

2
Xx=3"y =31 7= 343\ = 32 p = 3n ¢ = (( )+ 1>n = 1681n,

2
D = ((14;34) _ 1)n = 1600n, C%2 — D? = (1 + 3*)2n2 = 6724n,
a = (1+3%)(3°—-3%)32"n2 = 53136 = 32" x n?.

1434\ 2

Supposen=1;thenx=3,y=9,z=81l,w=27,p=3,C = ((T) + 1) = 1681,

a2
D= ((”23 ) - 1) = 1600, C2 — D2 = 6724, a = 478224

Consider LHS= a(X* + Y*) = 478224 % (3* + 9%) = 3176363808.
RHS = (€%* — D?)(Z? — W?)P* = 6724 + (81% — 27%) 81 = 3176363808.

Main result:

A STUDY ON

a(X* +YHP?+q? + 1% +52) = (t? + u?»)(C? — D) (Z? — W?)PE witha > 0,8 > 0.
Clearly, we know that from Reference [1], p? + g + r? + s? = t? + u? having different sets

of integer solutions is illustrated below:

21 p+1 p?+1 p+1

ifpisoddtheng=p+1, r=p2 ,sz(T)Z—l,t: > ”:(T)2+1'

Now we can find integer design of solutions of a(X* + Y*) = (C? — D?)(Z? — W?)PB

Having integer design of solutions for § > 2 is

2
X = kn,y — kn+1,Z — kn+3,W — kn+2’p — kn’ C = ((1+2k4) n 1) n,
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2
D= ()"~ 1) ma = (14 k)0 — kF~2n2, 11 + &t is even and

X = kn'y — kn+1,Z — kn+3,W — kn+2,p — kn’

2 2
¢ = (B Yo 0 = (LX), 0 = (14 k(KO = kDRE-2mn? if 14 k* s 0dd

Conclusion:

This equation generalizes classical Diophantine problems, blending sums of fourth powers with
multiplicative factorizations. While challenging, targeted parametrization and modular analysis
can yield solutions. Future work may classify solutions for specific a, 3 or link to broader
number-theoretic frameworks. The parametric framework provides infinite families of
solutions by exploiting algebraic identities and modular arithmetic. Future work could explore
non-parametric solutions or generalizations to higher exponents.

Integer design of solutions Diophantine Equation a(X*+Y*)(p?+q?+1r?+s?) =
(t? + u?)(C? — D?)(Z% — W?)PF with a > 0,8 > 0 with Mathematical induction method

for f = 1,2,3,4, ...and so on. Having integer design of solutions for § > 2 is

2
X = kn,y — kn+1,Z — kn+3,W — kn+2,p — kn, C = ((14—2}(4) n 1) -

Z-1
2

l)

2
D= ((”"4) - 1) na=(1+kYkS — kB2 g=p+1, r="_

2

2 2 2
s= (pTﬂ) —-1,¢t= P 2+1, U= (pTH) + 1 .whenever 1 + k* is even, p is odd

and

_ LN oA, — LN+l . _ ,n+3 _ ,n+2 ., _ I,n _ (1+k4)2+1 _ (1+k4)2_1 _
x=k™My=k""z=k"",w=k""*p=k",C = T) n,D = — ) a=

2_ 2 2
1+ kDS —kHkEDp2 g=p+1, r=" - L s= (p—ﬂ) —1,r="2 2+1,

2
u= (pTH) +1.if 1 + k* and p is odd. Here k must be positive integer
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