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Abstract

The Laplace transform of convolution-type integrals involving generalized hypergeometric
functions is an advanced mathematical concept that combines the principles of Laplace
transforms and special functions, particularly generalized hypergeometric functions (Exton
1976, 1978). These integrals often arise in the study of differential and integral equations and
can be evaluated using classical summation theorems and properties of generalized
hypergeometric functions (Andrew, 1985). Notable examples include Kim et al. (2011),
Milovanovi¢ et al. (2018, 2019), and Rathie et al. (2021). Our objective is to establish the
Laplace transform of a convolution-type integral with the help of generalized hypergeometric
formulas established by Masjed-Jamei and Koepf (2018).
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1. Introduction

Hypergeometric functions occupy a central role within the broader class of special functions,
serving as a unifying framework across diverse branches of mathematics and science. Their
importance is underscored by the fact that many fundamental functions—such as
trigonometric, exponential, and logarithmic functions, as well as Bessel functions, Whittaker
functions, error functions, and classical orthogonal polynomials—can all be expressed as
particular instances of the generalized hypergeometric series. This unifying characteristic
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makes hypergeometric functions a powerful tool in both theoretical investigations and applied
analyses, spanning fields from mathematical physics to computational methods and beyond.

The generalized hypergeometric function is defined as follows:

aﬁl.'aZ""'ap - (ai)n(aQ)n(ap)n Zn {(ap)n }
F 1z = — = F vz (1.1)
P |:b.l.’b ""’bq :| ; (bl)n(bZ)n(bp)n n! a (bq)n
Where
1, n=0
= 1.2
@), {(a)(a+1)(a+ 2).....(@a+n-1), neN (1.2
Is known as Pochhammer’s symbol or shifted factorial.
In addition, in terms of Gamma function shifted factorial is
I'@+n
(a), = (F(a) ) (@,=1 az0-1-2.. (L3)

Also, p and q are either zero or positive integers and the argument z may take any real or

complex value, provided none of the denominator parameters (b,) in Eq. (1.1) is zero or

negative integer. This generalized hypergeometric function is convergent or divergent with the
following restrictions:

(1) If p < q, the series is convergent for all finite z.
(i) If p = q + 1, the series is convergent for |z| < 1 and diverges for |z| > 1.
(iii) If p > q + 1, the series diverges for z # 0.

If p = q + 1, the series is absolutely convergent on the circle |z| = 1 if

R[ZI_ by -2l a] >0

For specific parameter values p and g, Eg. (1.1) can be reduced to expressions involving
Gamma functions, thereby enhancing its applicability. In such cases, the associated
hypergeometric functions are characterized by the classical summation theorems. Classical
summation theorems provide a powerful framework for working with generalized
hypergeometric functions and contribute to the understanding and application of these
functions across diverse areas of science and mathematics. Only a few summation theorems
are available in the literature, and it is well known that the classical summation theorems such
as of Gauss, Gauss’s second, Kummer's, and Bailey for the series ,F, ; Watson, Dixon, and

Whipple for the series ,F, play an important role in the theory of generalized hypergeometric

series. Here, we will mention a few of the described famous summation theorems that will
apply to our current research (Slater 1966; Rainville 1967):
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1. Gauss’s summation theorem:

- {a,b _ 1} _ I(e)I'(c—a-b)
2'1 ' - '
I(c—a)[(c—b) (1.4)

provided R(c—a—b) >0.

2. Kummer’s theorem:

{ 2b } F(l+a—b)1“(l+2j
F .1 = . (L5)
1+a—b F(l—b+;]1“(1+a)

Provided R(b) < 1

3. Gauss’s Second summation theorem:
ab J;r(l(a+b+1)j
Fl 4 - 2 (1.6)
2'1 ’ o .
S@+a+h) ~ 2 F(;(aﬂ))r(;(bﬂ))
4. Bailey’s summation theorem:
1 1
e r(b)(iee)
Ry T 1 | (1.7)
F(Z(a+b)jf(2(b—a+1)j

In the vast realm of mathematical research, the study of Laplace transforms and their
applications remains an ongoing pursuit. The Laplace transform of convolution-type integrals
serves as a powerful tool for solving a variety of problems in mathematics, physics,
engineering, and statistics. This tool is widely utilized in these fields, and it continues to be an
active area of research.

A convolution integral, often denoted by “*” in mathematical operations that combines two
functions to produce a third function. It is defined as follows for two functions f(t) and g(t)

(Sneddon 1979):
(f+g)= [ f(Dgt-7)dr. (1.8)

In the formula, the function f (t) is flipped and shifted by g(t), and the area under the overlap

is computed, resulting a new function. The convolution operation is commutative, meaning
fxg=g=f, anditis often used to model the response of a linear time invariant system to an

input signal.

A sophisticated mathematical idea that combines the ideas of Laplace transforms with special
functions—specifically, generalized hypergeometric functions—is the Laplace transform of
convolution-type integrals. The general product theorem for the Laplace transform is (Slater
1960) as follows:
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gl(t)gz(t)=T{] (@) fz(t—r)dr}e“dt- (19

The Laplace transform of convolution-type integrals utilizing generalized hypergeometric
functions enables investigation of systems and phenomena represented by these special
functions,we started by introducing the concepts of Laplace transform and convolution type
integral. The general product theorem for the Laplace transform is (Slater 1960) as follows:

gl(t)gza):T{i (2 fz(t—r)dr}e-“dt. (110

This theorem was applied to a generalized hypergeometric function which gives the following
result:

Ie-st {ifﬂ-l JFa[@; )] (t-2) " Fy [ @) (t-7) | dr}dt w1
=TT paFa[(@), s B)ix/s] ., Fy [ @)vi (D) fs .
Where A< B, A" <B',R(u) > 0,R(v) >0 and R(s) > 0.

Again For A=B=A"= B' =1 and R > 0,RW) > 0,R(s) > R(k)
we have (Slater, 1960):

Ie—st {.:[T#—lAFB[(a);(b)iKT] (t-2)* F, [(a');(b');lc'(t—r)]dr}dt 112)

=T(W)L()" p1Fa[(@), 2 0)ix/s] . Fy [(@) i 0k /s
In a further section, we have established the Laplace transform of a Convolution-type integral
involving the product of a generalization of classical summation theorems for the series ,F,
given by Masjed-Jamei and Koepf (2018a).

2. Methodology and Results Required:

We establish the Laplace transform of convolution-type integrals involving the series ,F5 by

employing the generalization of the classical summation theorem for the series ,F; established
by Masjed-Jamei and Koepf (2018a).

We aim to provide as many Laplace transforms of convolution-type related to the product of
the series ,F3 Relevant techniques and ideas from the cited research will be incorporated.
The following are the results we used to establish our findings:

Generalizations of various classical summation theorems for the series ,F,, .F,, ,F3,

sFa, and Fs given by Masjed-Jamei and Koepf (2018) are stated below:
The main relation established in the paper is:
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&,a,,.,a,,,1 |
pF {bl,bz,...,bql,m ’Z} -

r(b)..I'(b,_ )T (a -m+1)..I'(@,, -m+1) (m-1)!
I'(a)..I'(a,)I(b -m+1)..I'(b,,—m+1) z"*

. {ai—m+1,...,apl—m+1 ;z} )

2.1)

P b —m+1,..,b,, —m+1
X
m2) |a-m+l..,a,,-m+1
p-1 g-1 A
bl—m+],...,bq_l—m+1

Using the above relation, various special cases that generalize all the classical summation
theorems as mentioned below were investigated:

J Whenp=3,g=2and z =1, Eq. (2.1) is simplified as:
b1
2F2 ﬁ m’ 1}
_ IT(mrEr@a-m+HYro-m+1) 2.2)
B [(a)C(b)[(c—m+1) '
[(c-m+)r(c-a-b+m-1) ™2 ra-m+Lb-m+1 3
X( T(c-a)I(c—b) ’ l{ c-m+1 ’1} ]_Ql'

Eq. (2.2) gives a generalization of Gauss’s summation theorem, Eq. (1.4).

J Whenp=3,q=2and z =-1, Eq. (2.1) is simplified as:
abl | .|_, \mal(MTI(@a-b+m)T(@a-—m+1)C(b-m+1)
3P 11=(D

a—b+mm’ @) () [(a—b+1)
_ a-m+1 23
. F(a b+1)1"(1+ ) J (m=-2) |:a—m+l,b—m+1 . lj| o ( )
— 2 » T =s&.
F(2+a—m)l“(m—b+a_21+lj c-m+l
Eq. (2.3) gives a generalization of Kummer’s summation theorem, Eq. (1.5).
o When p=3,q=2and z =%, Eq. (2.1) is simplified as:
abl F(m)F(a+g+ljF(a—m+1)F(b—m+1)
Flath+l 5 [=@Q™
3
,m’ 2 r(a)r(b)r(—m+a+b+3j
(2.4)

2
a+b+1 ; :Qg,

X - -
F(Ha—zm}_(“b—zmj —m+1+ 2

\/;F(—m+a+b+3j ) rm+],bm+1
1
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Eq. (2.4) gives a generalization of Gauss’s second summation theorem, Eg. (1.5).

J Whenp =3,q=2and z =%, Eq. (2.1) is simplified as:
. {a, 2m-a-11 1}
32 b, m "2
- I'(m) I'(b) I'(a—m+1) I'(m—a)
r@r@m-a-1rbo-m+l)

r b-m+1 r b—-m+2

2 2 m2) la-m+lm-a 1

x a+b) (b—a+1) 2 ! b-m+l1 2 =€
F(—m+1+ ]F( J

(2.5)

2 2

Eq. (2.5) gives a generalization of Bailey’s summation theorem, Eq. (1.5).

Building upon the results presented in Eq. (2.2) to Eq. (2.5), along with the classical summation
theorems, we have derived a novel class of Laplace transforms involving convolution-type
integrals. These transforms not only extend the existing theoretical framework but also offer
significant potential for practical application. In particular, they provide analytical tools for
solving a wide range of differential and integral equations commonly encountered in
engineering, physics, and mathematical physics.

3. Laplace Transform of Convolution-Type Integrals Involving the Product of Two
5 F3 series

4.

Theorem 3.1: For R(d) > 0,R(d') >0 and R(s) > 0, following result holds true:

% t b.1 ' b1
0 0 C,d,m C,d ,m (31)

_I(d)r()

Sd+d'

Q,(ab,c)(a,b,c).

Where £, is given by Eq. (2.2).

Proof: For proving Theorem 3.1, denoting the right-hand side of Theorem 3.1 by, | and
expressing ,Fz as a series:

e {j‘fdml (o K15 @0, (a')k(b')k(l')kskdr}dt,

13 (0, (@), (M), (), (d), (), k!
By changing the order of integration and summation

& (@), (1), 0,5 @) 0) @) F oo |t den-1, dik -1
|: n n\*“/n % : : _ d d’
nZ;‘(C)n(d)n(m)nn! ;(c)k(d )k(m)kk!le ﬂf (t-7) r}t
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Now using the definition of the general product theorem for the Laplace transform Eq. (1.7)
with Eq. (1.8), we have

i(a) (b) 1,8 & (a')k<b') (1)s T(@d+n) I(d +k)

D Z @, @) mkt S S

Employing Eqg. (1.3) and summing up the series, we have

_r(dre) F{abl 1}3F2[a',b',1;1]

d+d’
S Clm C’m

Now, we observe that Eq. (2.3) can be employed to asses ,F,, and we reach to right side of
Eg. (3.2).

This completes the proof of Theorem 3.1.

Corollary 1. If we take m =1,2,3 in Theorem 3.1, we respectively get the following

integrals:
0 t ’b ) ' '
fe {j rd_le{: ] ;fs} (t—r)d-lez[j 3 ;(t—r)s}dr}dt
0 0 ' )

_T(d)r(d) rc)rc-a-b) r(c)rc —a -b)
% [(c-a)(c—b) I'(c —-a)(c -b)’

Ie‘“{! a1 F{a:; rs}(t )i, FE:; (t-r)S}dz}dt
_T(d)r(d) ( (c-1)(c -1) j{l‘(c—l)l“(c—a—bﬂ) _1j

gi+d (@a-Db-Y@ - -1 ['(c-a)l'(c—b)

y I'(c -)Ir(c —a —b +1) 1
I'(c —a)'(c -b) ’

and

VOLUME 24 : ISSUE 05 (May) - 2025 Page No:788



YMER || ISSN : 0044-0477 http://ymerdigital.com

0 t 1 . b
J‘e—st {J'Td—lsps {:”3’3 X TS} (t—7)" 1R, {: '3’; : (t-z')S} dz}dt
0 ) )

0 ’ ’

:r(d)r(d)[ 2c-2),(¢ -2), ]
si+d (a-2),(b- 2)2(3-' _2)2(b' -2)

X(r(c—z)r(c—a—mz)_ab+c—2a—2b+2j

I'(c—a)l'(c—b) c-2
y Ic-2)l(c-a-b+2) ab+c—-2a-2b+2
I'(c —a)'(c-b) c-2 '

Remark: The same proof techniques is applied to establish the proof of the following theorems,
S0 we are omitting the proofs.

Theorem 3.2: For R(d) > 0,R(d") >0 and R(s) > 0, following result holds true:
2t b1 . b1
[es [ 13F{a ;z's} t-0d "Ll PP _g—)s|drlat
0 0 C’d’m a-b +m,d,m (3_2)

_I(d)r)

Sd+d'

O,(ab,c)Q,(@,b,a —b +m).

Where £ and €, is given by Eq. (2.2) and Eq. (2.3) respectively.

Corollary 2. If we take m = 1,2,3 in Theorem 3.2, we respectively get the following new
integrals:

Te_St {jfd _12F2|:s,;) ; TS} (t—T)dl_lezl a-'b Vo _(t_T)S] d‘[}dt

1+a —b,d
T(l+a b')l{l+2]

_I(d)r(d) T(©)T(c-a-h)
F{l—bl +2Jr(1+ a)

s+ T'(c—a)l(c—b)
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e jd -1 F{ab }(t g0 LEl AP s drla
0 d’ 1+a —b,d

_T@r@) () (@-b+l
s (@-D(b-D 3 —1(b -1)

r+a b')l“(2+lj

2

r(a')riaz—b' +‘;’J

Te{[ d-1 F[a:; z-s}(t -1 F{ a.b.1 -(t—r)s]df}dt

8 I'c-)r(c-a—b+1) 1l
['(c—a)l'(c—b)

and

a b+3d .3

CTE)d)  4c-2), {F(C—Z)F(c—a—b+2)_ab+c—2a—2b+2}
- s (a-2),(b-2),| T(c-a)l(c-h) c-2

o I'(a -b +)r| & o
(@ -b +1), 2) 3a-b-ab-3

@=2,0-2); | —1)1“(—b' " 2+a} a bl
2

Theorem 3.3: For R(d) > 0,R(d") > 0 and R(s) > 0, following result holds true:

IeS{jd 1F{6’ldb,; }(t ot 1F[, abt ;%(t—r)s]dr}dt

(@ +b +1)/2,d,m

wg(abc)ﬁ (a b (a +b +1)/2).

(3.3)
Where € and €, is given by Eq. (2.2) and Eq. (2.4) respectively.

Corollary 3. If we take m = 1,2,3 in Theorem 3.3. We respectively get the following new
integrals:
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0 t ,b ._ I,b'
J‘e_st J‘Td _12F2[a ;rs} (t—z')d 12|:2 . ? o 1(t—z')s dr pdt
> |0 c.d @+b+1/2d 2

_I()r(d) rerc-a-b) (3 <)
© & T(e-a)r(c-b) ( @ +1)j ( ® +1)j’

Ooe—st t d—lsF{a’bl }(t )d -1 ,F, al’bl’l ;E(t— )s |dz pdt
! {lr c,d,2’ ; @s+banizd2 2 |
_Tdrd) (-  (a+b -1

s*d (a-1)(b-1) 3 —1(b -1)

Jar @I(a' + b'—l)j
i

( g s a,bl ] _ al,bl,l 1
-([ t{J‘ d- 1F{Cd3 7S (t—f)d 13F3[ D , ;E(tf)S]dz}dt

(@a+b+1)/2,d,3

X{F(c—l)l“(c—a—b+1) _1}

I'(c—a)l(c—b) -1

and

_T)r@d) 2c-2), 2(a-b+h@+bh-3)
s (a-2),00-2), (a-2),(b-2),

y [(c-2)I(c-a-b+2) ab+c-—2a-2b+2
['(c—a)l'(c—h) c-2

1 1,
F(Z)F(Z(am _3)] ab -a b+1

I“G(a'—l)jl“@(b'—l)j a+h -3

Theorem 3.4: For R(d) > 0,R(d") >0 and R(s) > 0, following result holds true:

2t d-1 abl d -1 ~|a,2m- a -11 1
!e {jr BF{C’d,m,TS}(t—r) 3{ e T)S}dr}dt
(3.4)

X

b d m
F(d)F(d )

Q(abc)Q(a 2m-a 1b)
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Where £ and €2, is given by Eq. (2.2) and Eq. (2.5) respectively.

Corollary 4. If we take m = 1,2,3 in Theorem 3.4, we respectively get the following new
integrals:

TeSt{jrd_le{ s[(t— z‘)d -1 F[ %(tr)s]dr}dt

_I(d)r(d) F(r(c-a-b) (5 )r(30 )
s T(c-a)r(c-b) . ( (a +b)jr@(b _a +1))’

Test{j d-1 FES; Z'S:|('[ o -1 F[a 3-al 1(t r)S]dz}

b.d 2
_r@re) (-1 {F(c—l)r(c—a—bﬂ)_l}

s (a-1)(b-1) | T(c—-a)l(c-b)

20~ b) FG ® —1)]r(i} )

a-a), |r (;(a'+b')—1jl"(;(bl—al+1)) ,

and
T ot d-1 -labl d -1 a5a11
!e {[r 3F{C,d’3 }(t 7) F[ s HE T)S]dz}
_T(Ard) 16(c-2), (b-2),
si+d (a-2),(b-2), (<’:’tl—4)4

y [(c-2)T(c—a-b+2) ab+c-2a-2b+2
I'(c—a)l'(c—b) c-2

. FG ® —1)jr(; ® _2)) Ba—(a)’+2b —10
r@ (@ +b)- 2jr@ (b-a +1)j 20-2 |

Theorem 3.5: For R(d) > 0,R(d") > 0 and R(s) > 0, following result holds true:
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t 1 !
foe!” ATorma 4t - )
1 d+d
I e ek e g 3 (3.5)
a-b+md,m

xQ, (a,b,a~b+m) Q,(a,b,a —b +m).
Where €2, is given by Eq. (2.3).

Corollary 5. If we take m = 1,2,3 in Theorem 3.5, we respectively get the following new

integrals:
. .
d-1 ab d -1
i _([T 2F{1+a—b,d ,-TS} (t—7)
Ie‘S‘ " dt
L O S I S P
1+a -b,d

, ~ a)rd+a —b)r| 142
:F(d)l“(d)r(“a b)l“(1+2j +a [ 2}

Sd+d' a ' I '
F(l—b+2jr(1+a) r[lb +a]l“(1+a)
2

fd-1 abl d -1
. lf 3F{a—b+2,d,2’_rs}(t_r)
je‘St Y dt
0 ><3F{I a,bl ;(tr)s]dz'
a-b+2d,2
_I(Ard) (a-b+l) (a-b+
s (@-D(b-1) @ -1 -1
(2.1 rasa-p)r a+1j
) 1_1"(1+a b)r(2+2j . [2 2
a 3 . v ’
F(a)r(g_b+2j I'(a )F(Z—b +‘;’}

and
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t 1
d-1 abl d-1
. !T 3F{a—b+3,d,3' _Ts}a_f)
Ie‘“ by dt
L O R Sy
a-b+3d,3

a
_T(A)r) 4@a-b+1), F(a_b”)r(zj 3a-b-ab-3
s (a-2),(b-2), F(a—l)l“(—b+2+aj a-b+1
2

o r'@-b +1)r{aJ
(@ -b +1), 2

@-2),(0 -2 F(al—l)l“[—b'+2+a'J b +1
2

_3a'—b'—a'b'—3

Theorem 3.6: For R(d) > 0,R(d") > 0 and R(s) > 0, following result holds true:

t 1
d_l aib;]- . d _1
. !T 3|:3{a—b+m,d,m ' _TS}(t_T)
fe‘“ b1 dt
a1 ]
R L . 1(t—f)s dr (3.6)
(@a-b+1)/2,d,m

_ r(d()jl;;(d )Qz(a’ b’a_b+m) Q3 (a',bl,(a' —bI +1)/2, m)
S

Where €, and {); is given by Eq. (2.3) and Eq. (2.4), respectively.

Corollary 6. If we take m = 1,2,3 in Theorem 3.6, we respectively get the following new

integrals:
. :
d-1 ab d-1

) _([r 2F2L—b+l,d X —rs}(t—r)

Ief“ " dt

O L o vy P

(a-b +1)/2,d

a 1,

_rre) 1“(1+a—b)1“(1+2j \/;F(Z(a +b +1)j

s F(l— b +2j1“(1+ a) FG (a +1)j1“(; (b +1)j |
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and

_T(d)r@d) (a-b+1) (a+b-1)

d+d’

s @-9b- @ -1 -1

rd+ a—b)l“(a+lj
272
x<1—

JZFG @+b —1))

http://ymerdigital.com

t .
d-1 abl d -1
i _([T 3F{a—b+l,2,d : —TS}(t—T)
Ie’“ b1 dt
> LRl 2P L nslae
@-b+1/22d 2

~1%,

r(a)r(g—m;j

t
d-1 abl
F :
!T 33[a—b+1,3,d

a',b',l
1T
[(a -b +1)/2,3,d

. %(t—r)s}dr

. 4a-b+1), (a-b+I)(a+b-3)

@-2,(b-2), (a-2),(b-2),

F(a—b+1)1“(a

—rs} -0 -

2) _3a—b-ab-3

F(a—l)l“(—b+2+gj a—b+1

1

1
_I(d)r(d)

Sd+d'

dt

(i a) o]

F(;(a'—l)jl“@(b'—l)j a+h -3

Theorem .37: For R(d) > 0,R(d") > 0 and R(s) > 0, following result holds true:

fes
0

d+d’

t 1
d-1 abl d -1
F . 73| (t—
-([T ’ 3L—ber,d,m TS}( )
2m-a 11
o F | 2T L e las
b,d,m 2

dt
(3.7)

Q,(a,b,a—b+m) Q4(a',2m—a'—],b',m).
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Where €2, and €2, is given by Eq. (2.3) and Eq. (2.5) respectively.

Corollary 7. If we take m = 1,2,3 in Theorem 3.7, we respectively get the following new
integrals:

t 1
d-1 a,b d -1
'([T ZFL beld —rS}(t 7)

N dt
< F, al-a '—(t s
b.d
1

) " b)l“(1+2j F(Zb')r(;(b'+l)j
o (1 b+ 2 jl“(1+a)r( (a'+b'))r(1(b'—a'+l)j,

e—St

O =8

S

t
d-1 a,bl d -1
F rs|(t-
. !T : {a b+12,d "’ TS}( ?
je‘“ a1 dt
° 3Fga, a. L—nsdr
bd 2 2

and

_T(A)r(d) (a-b+l) 2(-b)

Sd+d'

a 1
2

2

Il+a- mr(

@ Db q_a),

r@ ® DJF@J

1L

(30

r@ @ +b')—1jr@(b' _a +1)j

a,b,1

i

Td _13F[

a-b+13d"’

—rS}(t r)d -1

r(d)rd)

Sd+d'

dt =

xFa5al l(t 7)s |dz
b.d3

a
L 16(@-b+1), (b-2), F(a_b”)r() 3a—b—ab—3
“@- 2),(0-2); (a - 4), [(a— 1)1"( b+2+2j a-b+1

r(; ® —1)jr@ ® -2))
r(; @ +b')—2jr@(b' _a +1)j

52 —(a)’+2b —10
2(b —2)

X
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Theorem 3.8: For R(d) > 0,R(d") >0 and R(s) > 0, following result holds true:

t

0

Xstl

_I(d)r(d)

Sd+d

[d-1F

|

al,b',l

@+b+1)/2,d,m 2

a,b,1
(a+b+1)/2,d,m’ 2

1
—75

; 1(t—r)s

}(t_f)d'—l

}df

Q,(a,b,(a-b+1)/2,m) Q3(a',b',(a'—b'+1)/2,m).

dt

(3.8)

Where €, is given by (2.4).

Corollary 8. If we take m = 1,2,3 in Theorem 3.8, we respectively get the following new

integrals:

t

a,b

1

[d4-1F

y =TS

|

0

(a+b+1)/2,d ' 2

O t—38

a',b'

2

.;la—ﬂs

><2|:2 1 1
(a+b+1)/2,d

]df

dt

J;r@(amu)j

ﬁr(; (@ +b +1)j

_I(d)r(d)

t

Ird _13F3

0

xstl

_I(r) (@a+b-1)

|

a',b',l

a,b,1
(@a+b+1)/2,d,2" 2

(@ +b +1)/2,d,2

s r@ (a+1)j1“@ (b +1)j r(; (a +1)jr(; (b +1)j |

1
=175

}(t_r)d'—l
dt

; %(t—r)s]dr

(@ +b 1)

st (a-D(b-D)

\/Er@ (a+b—1)j

-1

@ -1)(b -1

\/;FG @+ b—l)j

~1%,

X
a

2

2

)

and
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t
d-1 a,b1 1 d -1
F t—
!T 3{(a+b+1)/2,d,3 2 }( )

je’s‘ o1 dt
° R a S Yo dr
(@+b+1)/2d,3 2

_I(d)I(d) 4@+b-1)(@+b-3) @ +b ~I)(@ +b ~3)
s @-2,0-2),  (a-2),0-2),

(e 09) o
(e d)zo-a) 0
(lzei9) wa s

F(;(a'—l)jl“(;(b'—l)j_ a+b -3

Theorem 3.9: For R(d) > 0,R(d") >0 and R(s) > 0, following result holds true:

t
d-1 a,b,1 1 d-1
F _
J;T {(a+b+1)/2dm ZTS}(I 2

Ie’“ 5 . dt
i s

Sy =) (3.9)
,a,m

r(d)r(d)Q(ab(a b+1)/2, m)Q(a 2m-a-1b, m)

Where €; and €2, is given by Eq. (2.4) and Eq. (2.5) respectively.

Corollary 9. If we take m = 1,2,3 in Theorem 3.9, we respectively get the following new

integrals:
t
d-1 a,b 1 d -1
,F Z7s|(t-
. !T {(a+b+l)/2d 2“}( 9
j.e‘st . dt
. al-a —(t s |dr
bd

e ) F(EJF@(HH))

5% FG (a+1))r6(b+1)j F(;(a' +b')jf(; (b -a +1)) |
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td-1 a,b,1 1
£ ,
) 22l (a+b+1)/2,d,2" 2

'1-a 1
XZFZ a.,l |a1 ;1
bd2 2

(t —T)S] dr

_I(drd) (a+b-1) 2(-b)

d+d’

s @-D(b-1) (1-a),

J;r@ (a+b—1)j |

; —TSi| (t—r)dl_1

r@ ® —1))r(2'}

http://ymerdigital.com

dt

and

_1’

EELE

jrd -1
*3l(a+b+1)/2,

0

b,d,3

r@ (@ +b) —1jr@ b-a +1)j

d,3° 2

|15_ 1’1
xngla a ;%(t—r)s}dr

_I(d)r(d) 16@a+b-N@+b-3) (b -2),

d+d’

S (a_z)z(b_z)z

(@ -4),

; lrs} (t—r)d'_1

(1G9 o asi
(pev)zon)

dt

r(; (b ‘DJFG (b —2)j _Sa-(ay+2-10|

r@ @ +b')—2jl“(; b-a +1)j

2(b —2)

Theorem 3.10: For R(d) > 0,R(d") > 0 and R(s) > 0, following result holds true:

t 1
d-1 a,2m-a-11 1 d -1
F ; =75 | (t—
. !T : '{ pam 270
Je 2m-a -11
I O RS gy o
b,d,m 2

_I(d)rd)
Sd+d'

Where Q4 is given by Eq. (2.5).
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(3.10)

Q,(a,2m-a-1b,m) Q4(al,2m—a' -1 b', m).
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Corollary 10. If we take m = 1,2,3 in Theorem 3.10, we respectively get the following new
integrals

) Jd - F{ablda’ ;Ts}a o -2
Ie’s‘ i ; ; dt
’ X, a,.l_.a ;l(t_f)s dr
b,d 2
e i
_I(d)r() 2) |2 2) \2

5! FG (a+ b)jl“@ (b —a+1)j FG (@ + bl)jr(; (b -a +1)j |

td_ a,3-al 1
‘!Td 13F{ b.d.2 ,—TS}(t r)d -1

g™ e dt
XFF 2, 1(t r)s}

b,d,2

O =38

_T(d)r(d) 40-b) (1-b)
d+d’ (1_a)2 (1—8.')2

S
i
F(;(a+b—l)jl“(;(b—a+l)j FG(a'+b')—1j1“@(b'—a'+1)j
and

[d-1 a,5-al1 1 d -1
sF ; t—
! {bdz 2}( 9

I g™ a1 dt
0 x4 F {a a L }

—(t 7)s
b d 2

r(; ® 1)jr{g]
1 _1t,

X

_I(d)r(d) 64(b-2), (b ~2),
Sd+d' (a_4)2 (a' _4)2

FG (b—l)jl“@ (b—2)j _5a-a’+2b-10
r(; (a+b)—2jl“(;(b—a+1)j 2(b-2)

X
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r(; (b —1))r@ (® —2)j _5a-(a)’+2 10

F[;(a'+b')—2j1“@(b'—a'+1)) 2(b -2)

X

Remark: for m = 1, Theorems 3.1 to 3.10 give the result earlier obtained by Rathie et al.
(2021).

4. Conclusion

Utilizing the generalization of the classical summation theorem for the series F; established

by Masjed-Jamei and Koepf (2018), we present novel and insightful conclusions regarding the
Laplace transform of convolution-type integrals with generalized hypergeometric
functions. Notably, our results specialize to the established findings of Rathie et al. (2021) for
the particular case of m, demonstrating the generality and applicability of our framework. The
resulting expressions, characterized by their inherent simplicity and straightforward proofs,
offer promising avenues for advancement in diverse fields within mathematical physics and
classical analysis.
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