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Fixed Point theorem in cone Banach space
Prabhati Dubey!and Bharti Saxena!”

Department of Mathematics, Rabindranath Tagore University, Bhopal (M.P.)

Abstract: In the past few several researchers have come up fixed point
thearem in cone banach space. In the paper in are going to delibevate
about the concept of one Banach space many previous coupled fixed point
theorem are extended and generalized by it. In this study are discussed

some outcomes of fixed point cone banach space.
Keywords : Banach Space, coupled fixed point, cone metric space.

Introduction: The concept of come Banach space was presented as a
generalization of metric spaces. | 200 Erdal karnapinar introduce cone
Banach space he proves and extended some important result of common
fixed-point theorem for self-mapping and many other authors are proved

some results in cone Banach space.

Definition 6.1.1: Let Fand Gare two self-mappings They said to be

commuting if
FGx=GFx, for allxeX.

Definition6.1.2: Let(X,||-||)be Cone-Normed-Space,Mappings
F.G:X—X

“Weak-compatible “if they commute at “coincidence points”,

ie. Fx=Gx =>FGx=GFx
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Definition6.1.3: TwoSelfmappingsFandGofaConenormedspace

(X, || -|)aresaidtobecompatibleif

lim||FGx,—GFx,||=0 for allxeX,
n—oo

where{x, }isasequenceinXsuchthat if

limFx,=limGx,=x for allxeX

n—00 n—>co

Definition6.1.4:Let, FandGbetwoselfmappingsonaset X, if
Fx=Gxfor somexeX

thenxis calledcoincidencepointof FandG.

Definition6.1.5:Let(X,||-||) isaconeBanachSpace,twomappings
FandGonconeBanachSpaceissatisfytheproperty(E.A.)fora sequence

{x,.} such that

lim Fxnzlim Gxn:t

n—-oo n—oo
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Definition 6.1.6: Let (X,|| - ||) is a cone Banach Space, two self-
mappingsFandGonconeBanachSpaceissatisfytheproperty(E.A.) for a

sequence {x,} such that

lim Fx,=lim Gx,=yt

n—oo n—oo

ForsometeX.ThereforeFandGare satisfythe(CLR;)property.

6.1 Main Result:
Fixed-Point Theorem by Unsing E.A. Property
Theorem 6.2.1: Four self-mapping F,G,Hand Ldefined on Cone

Banach Space (X,||.]|) with ||x|| = d(x,0) satisfyingthe condition

a
|Hx—Lyl||< Emax{llGy—FxII,IIHx—LyII,IILx—GyII}
b
+ —max{||Fx —Ly||,|ILy —Hx|| }....(6.1) 2

Forallx,y€eX; (1—a:b)<[0,1)
2 2
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(i) HX)SeX)andL(X)SF(X)
(i)  (H,F)and(L,G)areweaklycompatible.
(iii)  Property(E.A.)satisfiedby satisfied by (H,F)and (L,G)

ThenF,G,H and L have aunique common fixed point.

Proof: Suppose that property (E.A.)satisfies by the pair (L,G) then

there exist a sequence {x,,} in Xsuch that

limL{x,}=limG{x,}=t forsometeX

n—oo n—oo

From condition(i) we haveL(X)<SF(X) then there existasequence
{v,.} in Xsuchthat

L{x,}=F{y,}  hence limF{y,}=t

n—oo

Now we claim that limH{y, }=t on the contradiction let usPut x=

n—oo

ynand
y=xy,in equation (6.1)

”Hyn_an“
a
Sz_max{”Gxn_Fyn”'”Hyn_an”;”Lyn_Gxn”}
b

+omax{||Fyn—Lxyll,[IL2tn—Hynll}

| Hy,—Lxy||

a

Sz—rnax{”Gxn_Lyn”:”Hyn_an”:”Lyn_Gxn”}
b

+2_7nax{”LYn_an”r”an_Hyn”}

We claim that n—oo
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a
IHyn—tll =, maxt|it—t|l I Hy,—tll,llt—tl}
b
+, maxt|[t—tlllit—Hy,ll}
a b
=55 n—t|| <
(1=, )1 Hya—tl|<0
H(Yn):t
HencelimH{y,}=limF{y,}=t
n—00 n—>0o

Now we assume that F(X) is complete subspace of X and t= F(w) for
some

weX then

limL{x,}=limG{x,}=limH{x, }=limF{y,}=t=F(w)
n—oo n—oo n—oo n—oo

We claim that H(w)=F (w),ifitis notthenweput x=wandy=x,

inequation(6.1).
| Hw—Lax||
a
< max{||Gx,—Lw||,[[Hw—Lxy||,|| Lxn,—Gxy|I}
b

+omax{||Lw—Lay|| Il Lxn—Hwl}

TakingLimitn—oo,weget

a
IHw—tll<  —max{llt —t|lI[Hw —tl|,llt — ¢l } 2
b
+—max{||t —t||.Ilt —Hwl| } 2

a b
(1=, —liHw — el =02
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H(w)=t
F(w)=H(w)=t
Hencewis coincidencepointof(H,F).
Nowfromtheweakcomputability of (F,H)wehave
HF(w)=FH(w)orHt=Ft,
SinceH(X) € G(X) there is an element z € X. such that H(w) = G(2).
Thus Hw) =F(w) =G(z) =t

We showthatziscoincidencepointof(L,G)isz thatis G(z)=
L(z)=t

Ifnotthenweput x=wandy=zinequation (6.1)

a
|Hw—Lz||< —max{||Gz— Lw||,||Hw —Lz||,||Lz —Gz|| } 2

b
N —max{||Lw —Lz||,||Lz —Hw|| } 2

TakingLimitn—oo,weget

a
lt—Lzll< It =tlLllt =L@l llt —Lz]| }2
b
+—max{||t —Lz||,I[t (z) —HwI| } 2

a b
lt—Lz||< §{||t—L(z)||}+ —||It—Lz|| 2

a b

(1— —llt - L@I <02

t=L(2)

ClearlyL(z)=G(z)=t,
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z is a coincidence pointof (L,G). Sincethepair (L,G) are weak

compatible
=GL(w)=LG(w)orLt=Gt
HenceF,G,HandLhave acommoncoincidencepointt.

Next,we prove that common fixed point of F,G,HandL.So,weput that

x= wand y = tin equation (6.1)

a
Hw—Lells  —maxlGe—Fwll | Hw—Lel, |Le=Gell

b
+ —max{||Lw —Lt||,||Lt — Hw|| } 2

a
lt—L®)Il< —max{l[Lt —t]||lt —Lt|||t —t]| } 2

b
+=max{||t —Lell,llt =Lt]| } 2

|[t—Lt||<0=t=L(t)
ClearlyF(t)=H(t)=L(t)=G(t)=t
Hencetiscommonfixedpointof F,H,GandL.

Uniqueness

Lett’beanotherfixed point. Weputx=t'andy=tin(6.1)

a
|Ht'—Lt||< max{||Gt—Ft||,||Ht —Lt||,||Lt —Gt|| } 2
b
+—2max{||Ft' —Lt|l, lILt — H# ||}
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’ a ’ r r
It —tll < -max{llt =t|Lllt" —tlllIt" —tll} 2
b !
+maxtllt —tll, fle=t 1}

! a ! b !
It =tll< [l —=tll+ |lt'—¢l]

2 2
a b
(1= —)Illt'—tl[<0
2 2
Since(1=" _ =")=#0
2 2
t'=t

Hencetisauniquecommonfixed point.

We assumethatG(X) is acompletesubspaceof X,a similarargument
obtains. If the pair (H,F) satisfies property (E.A.) then we get similar

result.
FixedPointTheorembyUsingCLRProperty:

Theorem6.2.2: Twoself-mappingsF ,G ~ ,HandLbedefinedonCone
Banach Space (X,||.]|) with ||x|| = d(x,0) satisfying the condition

IHx—Lyll <% max{lGy—Fxl, lIHx=Lyll, ILy—Gyll}

b
+ g’tax{llFx—LYH,llLy—Hxll} . (6.2)

a
Whereaandbarenon-negativeand (1- B —bz)<1

(i) HX)<SeX)andL(X)SF(X)
(i)  Thepair(H,F)and(L,G)areweaklycompatible.
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(iti)  Thepair(L,G)or(H,F)satisfiedby(CLR;)and
(CLRy)Property.

ThenF,G,HandLhaveauniguecommonfixedpoint.

Proof:First,weassumethatthepair(L,G)satisfied the

(CLR)Propertythenthereexistthesequence{x,}inXsuchthat

lim Lx,=lim Gx,=LxforsomexeX

n—oo n—oo

Further, since L(X) € F(X) We haveLx = Fwfor somew € X.
We claim that

Hw=Fw=t(say).If notthen x=wand y=x,in(6.2)

| Hw—Lx,||
a
< jmax{||Gx,—Fwl||,[|[Hw—Lx,||,||Lx,—Gxyl[}
b
+omax{||[Fw—LaxllIILx,—Hwll}
|Hw—Lx, |
a
< —max{||Lx — Lx||,||Hw — Lx||,||Lx —Lx|| }2
b

4 —max{||Lx —Lx||,||Lx —Hw|| } 2

a b
||Hw—an||£—2||Hw—Lx|| +2ﬂLx—HW||

a b
- n -5 <
1AW —Laxnl|(1—-5—)=<0

H(w)=L(x)
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HenceHw=LximpliesthatFw=Hw=Lx=t

Hencewiscoincidencepointof HandF.

Since the pair (H,F) is weak compatible
—=HFw=Fhw=Ht=

FtFurther Since H(X) € G(X), thereexist some z €

XSuch that Hw) = G(2)

WeclaimthatL(z)=t

Onthecontradictionweput,x=wandy=zinequation(6.2)

a
|Hw—Lz||< —-max{||Gz— Fw||,||Hw —Lz||,||Lz —Gz||}2

b
N —max{||Fw — Lz||,||Lz —Hw|| } 2

a
|Hw—Lz||< —max{||Hw —Hw/||,||Hw —Lz||,||Lz —Hw]|| }2

b
N —max{||Hw —Lz||,||Lz —Hw|| } 2

a
|Hw—Lz||< > |Hw—Lz||+ b||Hw—Lz||

a b
(1—5 —)|[Hw —Lz|| <02

H(w)=L(z)
=t =1L(2)
HencelLz = t,henceFw = Hw =Lz = Gz = tlt

shows that zis coincidences point G.
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Also,theweakcompatibilityof (L,G)implies that
LGz=Glz=Lt=Gt
x=wandy=tin equation(1).
IHw-Lell< 5 max{llGw—Fwil |Hw—Lel, ILeGel)

b
+ —max{||Fw —Lt||,||Lt — Hw|| } 2

a
llt—Lell< —max{0,||t —Lt|l,|[Lt —t]| }2
b
+—max{l|t —Lt||,I[Lt —t]| } 2

a b
(1 =it =Ll <02

t=Lt
HenceFt=Ht=Lt=Gt=t.
ItshowsthattiscommonfixedpointofF,G,HandL.

Lett'beanotherfixedpointofmappings F,G,HandL.Letusput x=
t'andy=tin(6.2)

a
|Ht' —Lt||< —-max{||Gt — Ft'||,||Ht" —Lt||,||Lt —Gt||} 2
b
+—max{||Ft'—Lt||,||Lt —Ht'||} 2
a
It'—tll<  —max{|lt —t'|Ilt'—¢tllllt -t } 2

b
+—max{][t'—t||,llt —t'||} 2
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!/ <a ! b !
le'=tll< lle=t'll+ e
2 2

a b

(1—3 —)|It' —tl|l<02

Since(1—* _ =")=0
2 2

’

t'=t
Hencetisauniquecommonfixed point.

Similarly,the argumentthatthepair (H,F) satisfythe (CLRy) Property
will also give the unique common fixed point of F ,G ,Hand L.
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