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Abstract

In the recent years, there has been much interest in development of knowledge in the general
region of Fibonacci numbers and related mathematical topics. In last decade, additive coupled
Fibonacci sequences are popularized, but multiplicative coupled difference equations or
recurrence relations are less known. In this paper we present fundamental properties of
multiplicative coupled Fibonacci sequences of second order.
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1. INTRODUCTION:

The coupled difference equations or recurrence relations are popularized in last decade. They
involve two sequences of integers in which the elements of one sequence are part of the
general inaction of the other, and vice versa. We can say that these are generalization of
ordinary recursive sequences and many results can be developed for considering the two
sequences are identical.

The concept of coupled Fibonacci sequence was first introduced by K.T. Atanassov [5] and
also discussed many curious properties and new direction of generalization of Fibonacci
sequence in [2], [3] and [6]. He was defined and studied about four different ways to generate
coupled sequences and called them 2-Fibonacci sequence (or2-F sequences). This was new
direction of Fibonacci sequence generalizations.

In this paper, we present new ideas in generalization of Fibonacci sequences in the case of
one or more sequences. We describe basic concepts that will be used to construct
multiplicative coupled Fibonacci sequences of second order. Further, we shall describe
fundamental properties.
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2. MULTIPLICATIVEFIBONACCISEQUENCE:

An interesting variation on the Fibonacci sequence is found that a new term in sequence
is obtained by multiplying the previous two terms. P. Glaister [7] defined the
Multiplicative Fibonacci Sequences by

Fn+1=FnFn-1forn>0 and Fg=1, F1=2 (2.1)

The few terms of the sequence isl, 2, 2, 4, 8, 32, 256...which is same as a
sequence of power of two and indices are conventional Fibonacci numbers.

The recurrence relation (2.1) can be written as
Frr=2fornzlandFa_1 Fo=o (2.2)

Multiplicative Fibonacci sequence generalized by P. Hope [8] as
X=X X, fOrn>0andx,=a, X,=b, (2.3)
Where a and b are real numbers.

It can be written as
x =ahF forn>1. (2.4)

These are case of Fibonacci words [1]. Multiplicative pattern can be used for Fibonacci
sequence in the case of more sequences.

3. MULTIPLICATIVECOUPLEDFIBONACCISEQUENCE:

K.T. Atanassov [4] and [6] notifies sixteenth different schemes in multiplicative form for
coupled Fibonacci sequences.

Let {o}” .and {B}” he,two infinite sequences and eight arbitrary real numbers a, b, c,
d, e, f, g and h be given. The sixteenth different multiplicative schemes for 2- Fibonacci
sequences are as follows:

() oo=a,01=C,02=¢6,03=( o
Bo=b, 1=d, B2=1f, B=h
an+4: Bn+3.Bn+2-Bn+1Bn ) nZO:
Bn+4: an+3°an+2- an+1-an
(2) op=4a,o1=C,o2=¢€,03=0
BO: b, Blzd!BZZf: B3:h (3'2)
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(Xn+4= 0'n+3' (xn+2' an+1'l3n ' nZO

Bn+4 Bn+3 Bn+2 Bn+1 0‘

oo=4a,a1=C,a2=¢€,03=(

Bo=b, B1=d, Pa=f, Bs=h

n+4 Bn+3 Bn+2 Bn+l 0' ’nZO

Bn+4: Olp43- Q- 0Ln+1'Bn
Oo=4a,o1=C,02=6,a3=(¢

Bo=b, B1=d, B2=T1, Bas=h
n+4 n+3 Bn+2 Bn+1 Bn anO

Bn+4 = Bn+3'an+2'an+1'an
oo=4a,o1=C,02=¢€6,a3=(g

Bo=b, Pr=d, P2=f1, Bz=h
n+4 Bn+3 an+2 an+1 (X anO

Bn+4: 0Ln+3'Bn+2'Bn+1'Bn
Oo=4a,o1=C,a2=¢6, a3=(g

Bo=b, Bi1=d, B2=f, Bs=h

an+4: an+3'Bn+2° an+1-Bn wnZO

Bn+4 = Bn+3’an+2'Bn+1-an

oo=4a,o1=C,o2=¢€,a3=(¢

Bo=b, Pi=d,P2=f, Ps=h
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n+4 B n+3:

(xn+2 Bn+1 (X

Bn+4: an+3'l3n+2-l3n+1-l3n

®) oo=a, o1 =

BO:b’ [31=d, [32=f, Bg:h

C,o2=¢€,03=(

n+4 Bn+3 (1n+2 an+l Bn

Bn+4: an+3'Bn+2'Bn+1-an
©) oo=4a, 01=C, 02=€, a3=(g
BO: b, Blz d’ Bz:f’ B3: h

n+4 n+3 Bn+2 Bn+1

Bn+4 Bn+3 0“n+2 n+1* Bn

(10) 00=a, 01=C, 02=¢, 03={

Bo=b, Bi=d B2=f PBs=h

Onig = an+3'an+2'Bn+l'Bn

Bn+4 Bn+3 Bn+2 an+1 (X

(11) oap=2a,a01=C, o2=¢€, a3=g

Bo=b, B1=d, B2=1, Bs=h

Qs = Bn+3 Bn+2 Ol yq-0Ly

Bn+4:
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an+3'an+2'Bn+1'Bn

n=>0
(3.8)
n=>0
(3.9)
n>0 (3.10)
n>0
(3.11)
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(12) oo=4a,01=C,02=¢€,0a3=(

Bo=b, Bi=d, B2=f1, Bs=h
Olnig :Bn+3'an+2'Bn+1'Bn n=0

Brea =0z Brsa- OOty
(13) oao=a,0u=C,02=¢€,03=0
Bo=b, PBi=d, P2=f, PBz=h
Oy 4= Oz Bri-0osr By, N20

n+a = Bn+3'an+2'Bn+1'an

(14 op=4a,01=C, 02=€,03=0
Bo=b,  Bi=d, Po=T, s=h
Oag = Praz-Pran-Onss By
Bris= Org-Oyo Brag O,
(15) o=2a,01=C, 02=6, 03=(
Bo=b, Pa=d, P2=f, Ps=h

Olpyg = Olpyg- an+2'Bn+1'an

Bn+4 = Bn+3'Bn+2°an+1' Bn

(16) cow=a,01=C, 02=€,03=0
Bo=Db, Pi1=d,p2=f, Ps=h

Olp+g = OlpszeOlpp- Oty - Oy

Bn+4 = Bn+3' Bn+2' Bn+1' Bn
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First few terms of first scheme (3.1) are asunder:

http://ymerdigital.com

n an Bn

0 a b

1 C d

2 e f

3 g h

4 bdfh aceg

5 acdefgh bcdefgh

6 abc?e’f’g*h? abcd?e’f’g’h?

7 ah?Cae g a’brc e g h

8 abrcaee T g’ a*bcaPe g e

9 a'beC g e TG &b CaT e TSGR
Theorem: 3.1.Foreveryinteger,n>0

(a) BOOh:g = 0L0ﬁn+8
(b) P10+ = 011

(C) Bzan+1o =0, Bn+10

Proof: (a) To prove this, we shall use induction method. If n=0then

Bods = BoB7P6R5R4 (byscheme3.1)
= BoB7B6R5050.0, (Pyscheme3.1)

= B0(01,0,05)B7B6B50,
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= (a3020:1 BO)B7PER5 (byscheme3.1)
i.e. = PB7P6B5P4x, (byscheme3.1)
BoOnio =  BoBn+8Bn+7Bn+6Bn+5
= Bo(Bn+8)Bn+7Bn+6Bn+5 (byscheme3.1)

Bo(Bn+7Pn+6Pn+5Pn+4)Bn+7Pn+6Pn+5

(Boan+4)an+70€n+ean+55n+7l3n+6[3n+5

(aOBn+4)Bn+7Bn+6Bn+50'n+70'n+6an+5

(by induction hypothesis)

= %(Bn+7l3n+6l3n+513n+4 )an+7an+6an+5

= OlgOlnsgOns70n+60nss (byscheme3.1)
BO01=0f 1
Hence the result is true for all integers n>0.

Similar proofs can be given for remaining parts (b) and (c).

Theorem: 3.1.Foreveryinteger,n>0

(a) BoOgn+6= OoBgni7
(b) B10gn.7 = 01 Bg,7
(c) B20gnig = 0 Bgng

(d) B3a8n+9 = (12 BBn+9
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4. CONCLUSION

This paper describes multiplicative coupled Fibonacci sequence of second order. We have
established the various results of coupled Fibonacci sequence that shows relation between
two sequences as well as in conventional Fibonacci sequence. Similar results can be
developed for remaining scheme of multiplicative form. The idea can be implemented
over other recursive sequence of second order in two or more sequences.
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