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Abstract

Let G be a simple graph with vertex set V(G) and edge set E(G) respectively. The
degree d(v) denotes the degree of the vertex in graph G. Topological index is a quantitative
parameter which describes the topology of structural framework. The advantage of
topological indices may be used as numerical descriptors in chemical parameters of

molecules in QSPR and QSAR. Contra Harmonic index CH(G) of a simple graph G is
d(w)?+d(v)?
d(u)+d(v)
denotes the degree of vertices u and v in G respectively.

d(w)? + d(v)?
CH(G) = Z d(w) + d(v)

defined as the sum of the terms over all edges uv of G, where d(u) and d(v)

Uv€eEE(G)
In this paper, we compute the contra harmonic index of operation on graphs such as Join,
Corono product and Cartesian product of two graphs.
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Introduction:
The first and second Zagreb indices M1(G) and M2(G) were introduced 30 years ago by
Gutman and Trinajstic[5]. They are defined as

M@= ) dwy
veV (G)

M@= ) dwdw)

uveE(G)
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Fortula and Gutman [2] introduced Forgotten topological index which was defined as

F(G) = z d(v)? = Z d(w)? + d(v)?
veV(G) uveE(G)

The inverse sum degree [10] of a connected graph G is defined as ID(G) = ZuEV(G)ﬁ

The symmetric division deg index [3] of a connected graph G is defined as
d(u)?® + d(v)?
SDD(G) = (Z)( )d((;)
UuveE(G) u v

In [1],some sharp bounds for the inverse sum indeg index of connected graphs are given. K.
Pattabiraman presented several upper and lower bounds on the inverse sum indeg index in
terms of some molecular structural parameters [7] and [8].

Contra Harmonic index CH(G) of a simple graph G is defined as the sum of the terms
dw)?+dv)?
d(w)+d(v)
in G respectively[9].

over all edges uv of G, where d(u) and d(v) denotes the degree of vertices u and v

B d(w)? + d(v)?
CH(G) = Z FIOETIO

UuveE(G)
Theorem 1
Let G, and G, be two graphs on n,, n, vertices and m,, m, edges respectively. Then

CH(Gy + Gp) = ———[F(Gy) + 2n,M;(Gy) + 2n,%my | + ———[F(G,) + 2n, M, (G,) +

2A1+2n2 2A2+2n1

1
Ath, i, [n,M;(G1) + 4ng®my + nyMy(G2) + (np? + ny*)nyn, + 4ny >my]

anzmz] +
Proof:
Let vy, vy, ..., vy, be the vertices of G; and v, v, ..., v, be the vertices of G, respectively.
By the definition of G; + G, we have
dg,(u) +ny if u€V(Gy)
4oy +a,(W) = {dGz W +n, if u€V(G,)
2 2
CH(G, + G,) = 4 d61+62 Eg : 3 G”GES)
UVEE (G, +G>) G162 G162
(dg, (W) +n2)? + (dg, (V) +n,)? (dg, (W) +ny)? + (dg, () +1,)?
dg,(u) +ny +dg, (v) +n, dg,(w) +ny +dg,(v) + g

UveEE(G1) WEE(Gy)
(dG1 (u) + nz)z + (dGl (U) + n1)2
¥ de (W) +n,+dg,(v) +n
uev (Gy),v €V(Gy) Gy 2 Gy 1
= 11 + 12 + 13
Take,
Iy = d26,(u) + 2dg, (W, +ny? +d%, (v) + 2dg, (W)nz + 1y
| =
UVEE (Gy) dg, (W) + dg, (v) + 2n,

Since, 6 < d(v) < A, we have
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I = m Z [dzgl (w) + del (17)] + 2n, Z [d(;l (u) + dG1 (U)]
UveE(Gq) UveE(Gq)
+ 2n,° Z 1
UVEE(G1)
=20, + 7u; [F(Gy) + 2n,M,(Gy) + 2n,°my |

.. 1
>
Similarly,l, > TN

I = Z Z (dg,(W) + 1) + (dg,(v) +ny)?
3 de, (W) +ny +dg,(v) +ny

[F(Gy) + 2n,M,(G,) + 2n,°my,]

uEV(Gl) UEV(Gz)

1

[d?;, (W) + 2dg, (W, + ny? + d?g, (V)
uEV(Gl) UEE(Gz)
+ 2dg, (Iny +ny?|

1
A+ A, 410y +n,

d2;. (u) + 2, Z Z dg, ()
uEV(Gl) UEV(Gz) uEV(Gl) UEV(Gz)

+ z z d?;, () + (np* + ny%) z Z 1

uEV(Gl) UEV(Gz) uEV(Gl) 'UEV(Gz)

+2n, Z Z dg,(v)
uEV(Gl) UEV(Gz)

1
> | D [P+ a4 Y [, () +dg, @)
20, + 2n,
Uv€EE(Gq) Uv€EE(Gq)
+ 2n,° Z 1
UVEE(Gq)
T [F(Gy) + 2n,M; (Gy) + 2n,°my |
Since, >d(v) =2m, we have
I, > ! d? 2n,2 d M, (G
3_A1+A2+Tl1+n2 " Gl(u)+ N2 G1(u)+ 1(G2)

u€ev(Gy,) u€ev(Gy,) uev(Gy)

+ (ny% + nyHnyn, + 2n,(2my) Z 1
uEV(Gl)

I > n,M,(G,) + 4n,°m, + n,M,(G,) + (n,? + n;°)n,n, + 4n,°m
3 A1+A2+n1+n2[2 1( 1) 2 1 1 1( 2) (2 1) 1742 1 2]

Substitute the value of 1,1, and I3 in I, we get
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1

2A1+2n2
1

Al +A2 +nqi+n,

[F(Gy) + 2n,My (Gy) + 2ny°my | + ———[F(G) + 2n, My (G) +

ZAZ +27'l1

CH(G, + G,) =

2n12m2] + [n,M;(Gy) + 4ny,%my + nyM,(G,) + (ny2 + ny?)nyn, + 4n,°m,]

Theorem 2
Let G, and G, be two graphs on n,, n, vertices and m,, m, edges respectively. Then
CH(G,0Gy) > ___[F(Gy) + 2n,My (Gy) + 2n,°my | + ———[F(G,) + 2M,(G,) +

201421, 2A2+2n4
[n,M;(G,) + 4n,°m, + n;M,(G,) + (n,?2 + Dnyn, + 4n,2m,]

1
Al +A2 +ni+n,

2m,] +
Proof:
Let vy, vy, ..., vy, be the vertices of G; and v, v, ..., v, be the vertices of G, respectively.
The edge set of G, 0 G, can be partitioned int three subsets E;, E, and E5 as follows:
E, ={e € E(G10G,)|e € E(Gy)}
E, = {e € E(G,0G,)|e € E(G,,)} and
E; = {e € E(G,0Gy)|e —uv,u € V(Gy) and v € V(G,;)} where G,; is the i copy of G,
andi =1,2,...,n,.
By the definition of G; 0 G, we have
dg,(u) +ny if u €V(Gy)

da106, (W) = {dGZ(u) +1 ifu € V(G,)

CH(G1OGz) = d;GloGz Eu) i d2G1062 (v)
web o6, 461062 u) +dg, 06,(V)

_ Z d261062 (w) + d2G1062 (v) 4 z d261062 (w) + d261062 (v)
dg, o6, +dg,o6,(V) wiEee,) dg,06,W) +dg o6,(V)
d261062 (w) + d261062 (v)
dg,o6,(W) +dg 06,(V)

Uv€EE(Gq)

+
uEV(Gl)UEV(Gz)
= 11 + 12 + 13
2 2
(dGl(u) + nz) + (dGl(v) + nz)
dg,(u) +ny +dg, (v) +n,

Uv€EE(G1)
d?c, (w) + 2d;, (Wn, + ny? + d?, (v) + 2dg, (V)n, + ny?
dg,(w) + dg,(v) + 2n,

UVEE(Gq)

1

| O e d )+ Y [0+ de )]

uveE(Gq) uv€eE(Gq)

+ 2n,2 Z 1
UveEE(Gq)

= m [F(Gl) + 2n2M1(G1) + anzml]
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(dg,(W) + D? + (dg,(v) + 1)?

12 -
wlten dg,(w) +1+dg,(v) +1
B d?;,(w) + 2dg,(w) + 14+ d?;,(v) + 2dg,(v) + 1
wten dg,(w) +dg,(v) + 2
1
2| D [P+ d,®]+2 ) [d+de@]+2 ) 1
1 UvEE(Gy) UVEE(Gy) UveEE(Gy)
=20, t o, [F(Gy) + 2M,(G) + 2my,]
L= z z (dg, W) +12)? + (dg, (V) + 1)°
3T de,(w) +ny +dg,(v) +1

uEV(Gl) UEch)

1
= A +Ay, +nq +1, z 2 [dzcl W) + 2dg, (Wn, +n,* + dzcz () + 2dg, ()
U€eV(Gy) vev(Gy)

+1]

1
— 2
A+ A+, Z Z g, (W) + 2y Z Z dg, (W)

uEV(Gl) UEV(Gz) uEV(Gl) 'UEV(Gz)

+ z Z 2, (v) + (0% + 1) z z 1

uEV(Gl) UEV(Gz) uEV(Gl) UEV(Gz)

+2 Z Z dg, (v)

uEV(Gl) 'UEV(Gz)

1
= E 2 2n,2 E E M
TV a——— n, d®q, (W) + 2n, dg, (u) + 1(Gy)

uEV(Gl) HEV(Gl) HEV(Gl)

+ (ny% + Dnyn, + 2n,(2my) Z 1
uev(Gy,)
1
A+ A gy
Substitute the value of I,1, and I5 in I, we get

CH(Gy0G,) > ~__[F(Gy) + 2n,M, (Gy) + 2n,°my | +

2A1 +2n2
1

Ath,tnitn, [n,M;(Gy) + 4ny2my + nyM;(G,) + (n,% + Dnyn, + 4ny2my)

[n,M;(Gy) + 4ny*my + nyM;(G,) + (ny* + 1)nyn, + 4ny°my]

1
2A2 +2n1

[F(G2) + 2M;(Gy) +

2m,] +

Lemma
For any vertices x, y, z of a graph G and for any positive integers n,, n, and ns
1 1 ny n, 1

< + +
7 <
T, ¥ e (0) +n2de(y) + n3d(2)) e+ s lde () - de(y) - dg(2)

VOLUME 23 : ISSUE 07 (July) - 2024 Page No0:937



YMER || ISSN : 0044-0477 http://ymerdigital.com

Theorem 3
Let G, and G, be two graphs on n,, n, vertices and m,, m, edges respectively. Then

CHUAX(&)SE%BZmﬂn2+6hhMﬂGQ+thﬂGg]+2UKGQHXGQ4—
F(G,)ID(G1)] + [nF(G,) + nyF(G1)] + 4[mSDD(G) + m,SDD(G4)]]

Proof:

Let uy, uy, ..., up, be the vertices of G; and vy, v,, ..., v, be the vertices of G, respectively.
By the definition of G; X G,, the number of vertices and edges of G; X G, is n;n, and
myn, + myn, respectively. The degree of a vertex (u;, v)) is dg, (w;) + dg, (v)).

6,6, (4 v7)) + 26,6, (i v))
(i) (v DEE(G1xGs)  L61XG ((ui' Vj)) + dg,xe, (e, 1)
@ 6,x6, (4 v7)) + 6,6, (i v))
(i) (e PDEE @axG) v eE(Gy)  F61%G2 (w1, 97)) + doyxg, (i v))

dzclxcz ((ui' vj)) + dzclez((uk; Uz))

(ui,vj)(uk,vl)EE(Glsz),uiukEE(Gl) dGleZ ((ui' v])) + dGIXGZ((uk’ vl))

CH(Gl X GZ) =

+

=L +1,
d?;,xc, ((ui'vj)) + d% g, xe, (W, v1)
(1 0;) Qi PDEE @uxGo) v 0 €E(G,) F61xG (o)) + doyxa, (G v))
(doy () + de, (7)) + (do, () + dg, ()’
de, (W) + dg, (vj) + dg, (w) + dg, ()
d?¢, (w) + d%c,(vj) + 2dg, (w)dg, (vj) + d?¢, (W) + d?¢,(v) + 2dg, (w)dg, (v))
2dg, (W) + dg, (v;) + dg,(v)

11=

u;€V(Gy) UjUjEE(GZ)

u;€V(Gy) UjUjEE(GZ)
2d201 (u;)
chl (ul) + ng (v]) + ng (Ul)

d?;, (Vj) +d?%;,(v)
2dg, (u) + dg, (vj) +dg,(v))
2dg, (uy)[dg, (Vj) +dg,(v)]
2dg, (u;) + dg, (vj) +dg,(v))

u;€V(Gy) UjUjEE(GZ)

+
u;ieV(Gy) ‘UjVjEE(GZ)

+
u;ieV(Gy) ‘UjVjEE(GZ)
S LA L

I = 2d261(ui)
| =
u;€V(Gy) vjv€EE(Gy) 2dg, () + dg, (Vj) +dg, (v)
= ’ d?¢ ( )I : + . + 1
=~ U;
16 ot dg, (u) dGZ(vj) dg,(v))

u;€V(Gy) UjUjEE(GZ)
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x|

SO g+ Y Y daw [dG - %m]

u;€V(Gy) UjUjEE(GZ) u;eV(Gy) Vj‘UjEE(GZ)

OOIHOOIH x|

2m,dg, (u;) + z del(ui)nz
uiEV(Gl) uiEV(Gl)

[2m,(2m,) + n, My (Gy)]

'\-1

[4m;m; + nyM;(Gy)]
d%c,(v;) + d?;,(v)
2dg, (w) + dg, (vj) +dg,(v))

1 2 1
= 16 Z z [dZGZ (vj) * dZGZ @] [dcl (u;) * dg, (Uj) ¥ dg,(v)

i€V (G1) v;vEE(G2)

~
[Rrad
N

I

u;€V(G1) vjviEE(G2)

_ i Z[dzaz (Vj) + dZG2 (v)]
16 de, (w;)

u;€V(Gq1) ‘Uj‘UlEE(GZ)

) ) 1 1
+ z z [dg, (Uj) + d*g, (v)] Idcz (vj) + i (vl)l

u;€V(Gy) ‘UleEE(GZ)

1 2
"%l 2 aayfEat ) F@

UiEV(Gl) ulEV(Gl)
1
—[2F (G2)ID(G1) + n1F (G2)]

16
2dg, (uy)[dg, (Uj) + dg, (v)]
ZdGl (ul) + dGz (Uj) + dGz (Vl)

77
L7 =
u;€V(Gy) UleEE(Gz)

2
< Te Z Z dg, (u)[dg, (Uj) + dg, (v)] I

u;€V(Gy) Uj‘UjEE(Gz)

2 1
+ +
dg, (u;) dg, (vj) dg, (v)

Q| =

SUSY 2 () + de )

u;€V(Gy) VjVjEE(GZ)

; d
u;€V(G1) vjv;EE(G2) dcz (U]) G, (v)

1 1
) d@(ui)[daz(vf)+d62<”l”l . ”

[dg, (Vj) + dg,(v)]?
dc2 (Uj)dcz (v)

MG+ Y D dgw)
uiEV(Gl) uiEV(Gl) ‘UjVjEE(GZ)
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2M;(G,)

uiEV(Gl)

DY [dcl(ua
w;€V(G1) Uj'U]'EE(Gz)

ZdGZ(vj)dGZ(vl)]

dg, (Uj)daz (vD)

d*c,(v;) + d*,(v)
daz (Uj)daz (v)

+ dg, (u;)

M (G + ) [dg,@)SDD(Gy) + 2dg, (up)m,]

UiEV(Gl)

[2n,M,(G,) + 2m;SDD(G,) + 4m,;m,]

|~ |

nr

Substitute the values of I, I;" and I;" in I;, we get
1
11 S E [16m1m2 + anMl (Gl) + ZF(Gz)ID(Gl) + an(Gz) + 4n1M1(Gz)
+ 4m,;SDD(G,)]

Similarly,
I, < % [16m;m, + 2n,M,(G,) + 2F(G,)ID(G,) + n,F(G,) + 4n,M,(G,)
+ 4m,SDD(G,)]
CH(G, X G,) < 1_16 [32mym, + 6[n,M;(G,) + nyM,(G,)]

+ 2[F(G)ID(G1) + F(G)ID(Gy)] + [n1F(G3) + nyF(Gy)]
+ 4[m,SDD(G,) + m,SDD(G,)]]
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