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Abstract:

The purpose of this paper is to define and study a new concept of fuzzy (1,2)*-8"open
and fuzzy (1,2)*-B" closed sets in fuzzy bitopological space. Also, some basic concepts and
properties of them are investigated. Some theorems and examples for (1,2)*-f*open and
(1,2)*-B* closed sets are introduced.
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Introduction:

Zadeh [4] was introduced the fuzzy sets and Chang [ 1] was initiated the fuzzy topology.
Khalik [3] was study on certain types of fuzzy separation axioms in fuzzy topological space on
fuzzy sets. The concept of bitopological spaces was introduced by J. C. Kelly [5]. Kandil [6]
introduced the fuzzy bitopological spaces as a natural generalization of Chang’s fuzzy
topological spaces. The concept of [*-open set and f*-closed set in fuzzy topological space
are introduced by R. Thangappan [§].
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In this paper, we introduce and study a new class of fuzzy sets in a fuzzy bitopological
space (X,T4,T2), namely (1,2)*-B* open sets and closed sets and its properties are studied.

2. Preliminaries:

Throughout this paper (X, 74, 7,) or simply X denote the fuzzy bitopological spaces
(briefly, FBTS). For a subset A of a space X, the closure, interior and complement of A are
denoted by cl(A), int (A) and A€ respectively. We recall some basic definitions that are used in
the sequel.

Definition 2.1[1]:

A fuzzy topology (briefly FT) on X is a family 7 of FSs in X satisfying the following
axioms.
1. 0~, I~€1
2. GiNGy Etforany G1,G, € T
3. U G; € t for any family {G;/i €J} S 1.

In this state the pair (X,7) is called a fuzzy topological space (briefly FTS) and any FS
in 7 is known as a fuzzy open set (briefly FOS) in X. The complement of a fuzzy open set is
called a fuzzy closed set (briefly FCS) in X.

Definition 2.2[6]:

Let 74 and 7, be two fuzzy topologies on a non-empty set X. The triple (X,74,7,) is
called a fuzzy bitopological spaces (briefly FBTS), every member of 7, , is called 7, - fuzzy
open sets
(t1,2-FOS) and the complement of 7, ,-FOS is 7, ,- fuzzy closed sets (7, ,-FCS).

Definition 2.3[9]:

A Fuzzy Set A= <X, uy >1n an FBTS (X,74, 7,) 1s said to be an
e (1,2)"-fuzzy semi-open set ((1,2)*-FSOS) if A € 14 ,- cl(71,- int(A4))
e (1,2)*-fuzzy semi-closed set ((1,2)*-FSCS) if 71 ,-int (7, ,- cl(4)) € A
e (1,2)"-fuzzy a-open set ((1,2)*-FaOS) if A © 11 5- int (74 - cl(7q - int(A))
e (1,2)*-fuzzy a-closed set ((1,2)"-FaCS) if 74 ,-cl(t1 5-int(t1 2-cl(A)) € A
e (1,2)"-fuzzy regular open set ((1,2)*-FROS) if A = 74 - int (74 - cl(A))
e (1,2)"-fuzzy regular closed set ((1,2)*-FRCS) if A = 74 ,- cl(11,- int(4))
e (1,2)"-fuzzy e-open if A < 74 ,- cl(ints(A)) V 14 5-int(cls(A))
e (1,2)"-fuzzy e-closed if A = 74 ,- cl(ints(A)) A 11 ,-int(cls(A))
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3. Fuzzy (1,2)*-f" Open Sets in Fuzzy Bitopological Space

Definition 3.1:
A fuzzy subset A of a fuzzy bitopological space (X, 71, T,) is said to be (1,2)*- f*open
set lf A S Tl‘z'Cl (Tl‘z'int (Tl’z'Cl (A))) Vv Tl’z'int (Tl,Z-Cl6 (A))

Example 3.2:

Let X = {x, y, z} and the fuzzy bitopology 7, = { 0, 1, < X0.4,Y01,Z01 > < Xo.8,
Y09, Zo.9 >}, T2= {0, 1, < X02,Y0.1, Zo1 >, < Xo.60 V0.9, 209 > < Xo.6, Yo.5,Z0.7 >} and
71 = {0, 1, <X0.6 Y09 Z09 > < X02 Yo Zo1 >}, T2= 1 0, 1, < X08 Y09 Zo9 > < Xoa
Yo, 201 > < Xo.4 Yos5,Zo3 >} Let A=< Xgg, ¥o.9,Zo.9 > then 7y -l (7y5-int (71,2-cl (4)))
\%
T4 p-int (71 5-cls (A)) = < Xog, Yo.9, 209 >. Hence A is (1,2)"- f*open set.

Remark 3.3:

(1,2)*- Fuzzy regular open

(1,2)*- Fuzzy 8- open (1,2)*- Fuzzy y-open
Ty ;- Fuzzy open — & (1,2)*- Fuzzy semi open /' (1,2)*- Fuzzy B-open

(1,2)*- Fuzzy - preopen ———» (1,2)*- Fuzzy f*-open

(1,2)*-Fuzzy e-open /
Result 3.4:

Q) Fuzzy (1,2)"- B*open is fuzzy (1,2)*- 6 preopen if 7, ,-cl (11 ,-int (71 5-cl (4))) =
0.
(i)  Fuzzy (1,2)*- B openis (1,2)*- f open if 7 ,-int (cls(A)) = 0.

Proposition 3.5:
If A is fuzzy (1,2)*- 6 preopen and B is fuzzy (1,2)*- 8 open then AV B is fuzzy

(1,2)*- B *open.
Proof. Obvious from Definition 3.1

Proposition 3.6:

Let (X, 74, T,) be a fuzzy bitopological space. Then the union of any two fuzzy (1,2)*-
B open sets is an (1,2)*- f*open Set.
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Proof:
Let A4, A, be two fuzzy (1,2)*- f*open sets,
Ay £ typcl (tqp-int (T5-¢l (A1) V. Typ-int (Typ-cls  (4;)). and
Ay <14 5-Cl (712Nt (11 5-Cl (A3))) V T12-int (71 2-cls (A3)). (by Definition 3.1)
Then we have,
Ay V Ay < Ty 5-Cl (T 270t (T12-Cl (A1) V Ty 2-int (T4 2-¢ls (A1)
V Ty 5-Cl (Ty,2-int (T1,2-Cl (42))) V 71 2-Int (71 5-cls (42)).
A1V Ay < 1,-Cl (Tip-int (tip-Cl (A1V 4y) V. T,-int (tip-cls (AL V A))
Since, the arbitrary union of fuzzy (1,2)*- f*open sets is fuzzy (1,2)*- B*open set.

Theorem 3.7:

Let (X, 74, T5) be a fuzzy bitopological space and let {A,},er be the collection of fuzzy
(1,2)*- B* open sets in fuzzy bitopological space X, then V er(4,) is fuzzy (1,2)*- B* open
set.

Proof:

Let F be the collection of fuzzy (1,2)*- f*open sets in fuzzy bitopological space
(X, 71, 12). For each @ € F, A, < 11,-Cl (11,-Int (71 ,-Cl (4y))) V T12-int (t12-cls (Ay)).
Thus, Vger(4q) < Vaer T12 = €l (T12 —int (112 — el (4g))) V Ty2 —int (712 —
cls (Aq))
Vaer(Ag) < T1aCl (Tyo-int (T12-Cl (Vaer) (Aa))) V Tyz-int (ti2-cls (Vaer) (Aa))-
Since, the arbitrary union of fuzzy (1,2)"- B*open sets is fuzzy (1,2)*- f*open set.

Theorem 3.8:

Let (X, 14, T5) and (Y, gy, ;) be any two fuzzy bitopological spaces such that X is
product related to Y. Then the product A; X A, of a fuzzy (1,2)*- B* open set A; of X and fuzzy
(1,2)*- B* open set A, of Y is fuzzy (1,2)*- B*open set of the fuzzy product space X xY.

Proof:

Let A;, A, are two fuzzy (1,2)*- B*open sets of X and Y respectively,
From Definition 3.1, A; < 71,-Cl (Ty,-int (712-Cl (41))) V T-int (71,-cls (41)) and
Ay <14 5-Cl (T12-int (71 5-Cl (43))) V T4 2-int (71 2-cls (A2)). Then we have,
Ay X Ay <74 5-Cl (Ty 27Nt (T4 5-Cl (41))) V 71 27Nt (712-¢ls (44))

X T1,2-Cl (71,21t (71,2-Cl (42))) V Ty 27Nt (T12-cls (A2))-

Ay X Ay <1y 5-Cl (T 2-int (T12-Cl (A1 X A3))) V T1,-int (11 5-cls (A1 X Ay) is fuzzy (1,2)"-
p* open in the fuzzy product space X xY.
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4. Fuzzy (1,2)*-f* Closed sets in Fuzzy Bitopological Space.

Definition 4.1:
A fuzzy subset A of a fuzzy bitopological space (X, 74, Ty) is said to be (1,2)*- *closed
set if A = Tl’z'int (lez-CI (lez-int (A))) A Tl,Z-Cl (Tl’z-inté‘ (A))

Example 4.2:

Let X = {x, y, z} and the fuzzy bitopology 7, = { 0, 1, < Xg.6, V0.9, Z0.9 >, < X0.2,
Yo Zoa >} T2= {0, 1, < X8 Y09, Z09 > < X0.4r Vo1, 201 > < Xo4» Yo.5,Z03 >} and
71 = {0, 1, <X04Y01,201 > < X0 Y09 Z0s >}, T3= { 0, 1,<Xo2,Y01,201 > < Xoe)
Y0.9:Z0.9 >, < X6 Vo5 Zo7 >} Let A = < Xog, Yo9,Z09 > then Ty -int (7y,-Cl (7q,-int
(A))) A Ty p-Cl (71 -ints (A)) = < Xo.8, Yo.9rZoo >. Hence A'is (1,2)"- f*closed set.
Result 4.3:
(i) Fuzzy (1,2)"- B*closed is fuzzy (1,2)*- 6 semi open if 7, ,-int (71 5-cl (71 ,-int (4))) = 0.
(i) Fuzzy (1,2)"- Bclosed is (1,2)*- a open if ty,-Cl (tq,-ints (4)) = O.

Proposition 4.4:

If A is fuzzy (1,2)*- 6 semi open and B is fuzzy (1,2)*- @ open then AV B is fuzzy
(1,2)*- B*closed.
Proof. Obvious from Definition 4.1

Proposition 4.5:

Let (X, 71, T2) be a fuzzy bitopological space. Then the intersection of any two fuzzy
(1,2)*- B*closed sets is an (1,2)*- B*closed set.
Proof:
Let A4, A, be two fuzzy (1,2)*- S open sets,
Ap = Ty,-int (Typ-cl  (Typ-int (A7) A Typ-cl (Ty,-ints (49)). and
Ay = T 5-int (71 -Cl (T12-INt (43))) A T12-Cl (11 2-ints (43)). (by Definition 4.1)
Then we have,
Ay N Ay = Ty pmint (T 2-Cl (T1,2-Int (41))) A 71 2-Cl (T4 2-ints (A1)

A Ty 27Nt (T1,2-Cl (71,27t (42))) A 71 2-Cl (T4 2-ints (A2)).

AN Ay = Top-int (Typ-Cl (Ti-int (AL A Ap))) A Ti-Cl (T2-ints (AL A Ay)
Therefore A; A A, is fuzzy (1,2)*- B*closed set.

Theorem 4.6:

Let (X, 74, T,) be a fuzzy bitopological space and let {A,},er be the collection of fuzzy
(1,2)*- B closed sets in fuzzy bitopological space X, then A er(4,) is fuzzy (1,2)*- B* closed
set.

Proof:

Let F be the collection of fuzzy (1,2)*- f*closed sets in fuzzy bitopological space
(X, 71, T2). For each a € F, Ay = 11 5-Int (4 2-Cl (712-Int (4y))) A T12-Cl (T4 2-ints (Ay)).
Thus, Naer(Ag) = Naer(T12 —int (7, — cl (712 —int (Ag))) A T12 —cl (712 —
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ints (Aq)))
Naer(Aa) = Tio-int (Ty-Cl (Ty-int (Ager (A)))) A Tip-Cl (Tyz-ints (Ager (4)))-
Since, the arbitrary union of fuzzy (1,2)*- B*closed sets is fuzzy (1,2)*- B*closed set.

Theorem 4.7:

Let (X, 14, 7,) and (Y, gy, g,) be any two fuzzy bitopological spaces such that X is
product related to Y. Then the product A; X A, of a fuzzy (1,2)*- B closed set A; of X and
fuzzy (1,2)*- B* closed set A, of Y is fuzzy (1,2)*- B*closed set of the fuzzy product space
X xY.
Proof:

Let A, A, are two fuzzy (1,2)*- B*closed sets of X and Y respectively,

From Definition 4.1, Ay = 7y,-int (tq2-Cl (712Nt (41))) A T1,-Cl (T1,-ints (4;)) and
Ay = 14 5-int (T4 5-Cl (71 2-INt (43))) A T4 5-Cl (71 2-ints (A;)). Then we have,
Ay X Ay Z Ty 5-int (Ty5-Cl (T1,2-iNt (41))) A T12-Cl (T4 2-ints (A1)

X 71 2-INt (71,2-Cl (74,271t (42))) A T12-Cl (T12-ints (42)).
Ay X Ay = 1 -int (11 -Cl (T12-iNt (A1 X A3))) A Ty 2-Cl (71 ,-ints (A; X Ay) is fuzzy
(1,2)*- B* open in the fuzzy product space X xY.
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