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ABSTRACT

This manuscript describes a combined SIS-SIRS model with migration for the
spread of AIDS caused in co- infection involving TB and HIV is proposed. In modeling the
problem, it is assumed that an HIV infected individual’s interacts with TB infected persons
the former to have HIV & TB. It is assumed further that a fraction of this HIV class becomes
AIDS patients. It is also considered that a certain fraction of TB class form a reservoir class,
a part of which may recover and becomes susceptibles again. The model is analysed by
using stability theory of differential equation. It is shown that AIDS epidemic spread faster
due to co- infection of HIV with TB.

INTRODUCTION

From the first model it contains a new class of patients who were suffering from both T.B.
&AIDS .So it has different calculations are included.

The increasing incidence of various infectious diseases such as gonorrhea,T.B.,HIV,
AIDS,etc. is causing major public helth problems in the most developed and developing
countries ,[1] .In general the spread of such diseases in human population depends upon
various factors such as the numbers of infectives
,susceptibles,modesoftrasmission(social,ecological,andgeographicalconditions)[2].Anaccount
of modeling and study of epidemic diseases can be found in lectures notes by [3]and books
by [4]Many infectious diseases are spread by direct contact between susceptibles and
infectives,while some others are spread indirectly by carriersbacteriaorvectors
[5]Tuberculosis (TB) is an infectious disease caused by a bacteria called Mycobacterium
tuberculosis and affects lung and other parts of the body. In developing countries
pulmonary tuberculosis (i.e., T.B.) in the lung accounts more than seventy percent of
cases in the world. T.B., which had been controlled to a significant extent earlier,
has re-emerged in recent years as one of the leading causes of death . Nearly
three million people die every years due to T.B. Any one can become infected
with T. B.bacteria but people with H.I.V.are at greater risk of getting infected with
this disease. T.B.is transmitted mainly by droplet nuclei when the person suffering
from active T.B. breathes, snheezes or coughs in the air[6] AIDS , the acquired
immuno-deficiency syndrome is a fatal diease caused by a retrovirus known as the human
immuno deficiency virus (HIV) which although attacks many blood cells it causes
havoc on the T-cell in the blood by destroying and decreasing their number
leading to decline in body’s immunity to fight infection . The term AIDS refers to
only the last stage of the HIV infection after which death occurs . The AIDS
epidemic is sweeping the world both developed and developing nations as HIV has
infected millions of people all over the world without any restriction of nationalty , colour ,
caste or reliogion , etc. HIV infection in adults (75-80"%) has been transmitted to
one partner through unprotected sexual inter course when the other partner is infected
with HIV . Mother to child transmission (vertical infection accounts more than 90" %
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of global infection to infants and children . Apart from these , other possible source
of infection are blood transfusion, intravenous drug addiction etc . In general
sexually transmitted disease(STD) such as gonorrhea induce little or no acquired
immunity upon recovery but in case of HIV immunity decreases[4]. The transmission
dynamics of HIV infection is affected by various factors such as latent period , the
number of infected/infectious person in the population, having AIDS , type of sexual
activity , type of mixing (homogeneous or heterogeneous, various high risk groups ,
etc.

It is noted that in case of HIV infected persons immunity decreases and they can early
infected by other diseases such as TB forming a class HIV co infected with TB. Some efforts
have been to understand the transmission of co infection of HIV with TB infections
.mathematical models ,Taking into account fixed values for the transmission coefficients
,these models dealt with the dynamic simulations and the equilibrium point analysis
.However ,if the equilibrium point analyzes could be achieved for all finite the transmission
coefficients ,then it would provides us different scenarios of the interaction between HIV and
TB infections.

In this paper a model for the transmission of co infection HIV with TB infections and
examine some of the epidemiological implications.

A COMBINED SIS-SIRS MODEL WITH CONSTANT IMMIGRATION

In this section a combined SIS-SIRS model with constant immigration of human population
is proposed and analyzed.
In proposing the model, the following assumptions are made.

(1).All HIV infected individuals are considered susceptibles to TB infection and, at the same
manner, all TB infected individuals are considered susceptibles to HIV.
(2).Due to loss of immunity HIV infected persons get infected with TB after interaction.
(3).There is a separate class of Pearson infected both with HIV and TB.The HIV class also
includes persons having co infection.

Based on the above assumptions we propose a mathematical
model to assess the spread of co infection HIV with TB infections .It is assumed that the
population density N(t) is divided into five classes , the susceptible density X(t),the density

of population infected only with TB(YT ),the density of population infected with HIV( Yy )a

fraction of which may be also infected with TB ,the density of AIDS cIass(Ya) and the
density of co infected class. The models is proposed as follows,

d_X:A_(ﬂlYT+ﬁ2YH)X _dX+V1YT
dt N
dY; _ BY: X B BsY: Y —dY, —vY,
dt N N
dY, — BYuX  BY:Yy
= — —dY, —uY
dt N N HT A
dy. LYY LYY
dI‘H = SI\TI o+ 4NT =AYy — Yoy
dy

d_ta = 1Yy + Yy —dY, —ay,

N=X+Y;+Y, +Yq, +Y,
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Where
so

N A—dN—ay,
dt

in this model ,ﬁl and g3, are the contact-rates by which susceptibles decrease following
contact with persons having of TB and AIDS and P Ba be the co-infection constant . The
clinical AIDS developed at the rate u per year. Y1 is the recovery rate at which TB infectives

becomes susceptibles again ,d is the natural death rate ,a be death rate due to AIDS. Hipe
the rate at which co infected class becomes AIDS susceptibles.

3.EQUILIBRIUM ANALYSIS;

To analyze the model ,we consider the following reduced system. Since
N=X+Y; +Y, +Y;, +Y,

dYT _ ;B1YT(N —Yr =Yy Yoy _Ya) _ﬂ3YTYH —(d+v,)Y.

dt N N s

dYH _ ﬁZYH (N _YT _YH _YTH _Ya) _,B4YTYH —(d + p)Y

dt N "

dY,, AY.Y, ABY.Y

thH _ 3I\TI H o, 4NT H —dY,, — 4, Yoy,

dy,
at MYy + Yoy —(d + )Y,
aN _ A—dN -aY,

At e (2)

The results of the equilibrium analysis are given in the following theorems;
THEOREM-There exists following four equilibria of the model discussed before.

B = [0,0,0,0, AJ
(" d
(i Bx = (Y .0.0.0,N)  which exists if A4+
g AB-dov) g _A

1N =
! dg, d

where

(iii) a ., Which exists if £200+4
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v Ala+d)(B, —d - u)
" au(B,—d - p)+ pyd(a+d + p)
Vv - Au(B, —d - p)
) ou(f, —d — p) + B,d(a +d + p)
N = Bod(a+d+p)

where ou(f, —d —u)+ B,d(a +d + u)

(iv)The general case By =0 i Y Yo N )
vr o B —ab, Vi b,a, —a,b,

T = H —

a,a, —a,a,

is discussed below as follows;

a,a, —a,a,

Where the constants are given by

a,=—f BB (B —d-v) . B B,d(d +a) _ B B.d
Ald+ )= (d+vy)  auu[fi(d+p) = f,(d+v))] alfi(d+u)-B,(d+v)]
a,=—f,—f + HPy " BoBs (P —d —v)) + dB.B,ps(d +a) + dB.S.ps
o [Bd+ ) =B (d+v)] au[p(d+a)-5,(d+wv)] alB(d+p)-B,(d+v)]
a,=-p, B — BB, —d — 1) . B.B.pd(d +a) _ dB.p, .
[B.(d + 1) = B,(d +v,)] sl Bi(d + )= B,(d +v))]  alBi(d+ ) - B,(d +v,)]
_ BoBs(Br —d — 1) — B+ 1B, n :Bzzd(d +a)pf; n dﬂzzﬂs
* [B.(d + 1) = B, (d + )] ’ o[ B(d+ )= B,(d+v)] alB(d+ ) - B,(d +v,))]
b, :%[1_'_ d +a] b, = AL, [+ d +a]
o Hy a oy

!

it will be +ive if 2i24(2:02,213,)8,35,2,0,)3;0,,3,)0,2,)0;

%(d Fv)—(d+ )0

_PAB,—d ) BAd+a)(B, —d —#)>O
dg, dg,(d +a + u)

(FOR PROOF SEE APPENDIX—A)

(181 -d _Vl)

4 STABILITY ANALYSIS;-

E,.E.,E, and E

Now we study the local stability of equilibria 3and the non-linear stability

of non trivial equilibrium E3. The results are stated in the form of the following theorems.
THEOREM - 1

The equilibrium By BB,

conditions are satisfied.

(i)ﬂ1>d+vll Byd+u

is unstable provided the following
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B, (d +V1)_(d + 1) )0

(i
(B, —d —vy) - PAB —d =) PAd +)(B; —d — )
(iii) dg, dB,(d +a + u)
(FOR PROOF SEE APPENDIX -B)
THEOREM -2

The equilibrium 2= (r:Yu.Ya 2, N7)
following conditions are satisfied.

is locally asymptotically stable provided that

Y, Y, c,C YY)
0,05, + B3+ 0B, — )1 Sl
0 4N
. N”(d
¢, B, ¢ M
(ii) 42
(ClﬂlYT* _04‘/2] ( ciC, (0 +d)BY,y
(iii) N
c.AN"d

¢,y (B, —d —v, —v,)*(
(iv) 4

[CZﬂZYI: TN C,C,(d +0(),32Y,:
NB 3

) AN”
. d+O)N"

e, By, ( GldtON
(vi) 4

e, (B, —d -y SN
(vii) 4
(viiiy :€4?0

Csaz <C3(d +a)
(ix)
(X)c4c5>0

[FOR PROOF SEE APPENDIX -C ]

THEOREM-3

The equilibrium Es =0 Y. Ya, Z N )
conditions are satisfied

() (B, + B; + B,m, — Bsm;)
(ﬂZ_r?l_lusz ( Aim,(d +a)
(i)

a non linear stable provided the following

2 < ﬁlﬁZml
4

N 4N”
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(@p, + p) ( SmBN
(iii) 4
(—_ﬂ*l +V2m4j2< m,f,(d +0)
(iv) 4N
(_ﬂZ*ml +/szj2< m,m, (d ‘ta)ﬂz
) AN
2 My dmsﬁz
iy (48, -B;) NS T
(ﬁqulj (Mi(d+0)p,
(vii) N 4
3 2 m,d(d + )
(viii) 4

(ix) m,m,,m,m, )0

to prove the above theorem we need the following leema,
the region of attraction is given by the

following set.

0<Y, < A —d—v, —vy) ,0<Y, SM,OSYa

ds,
OSZ < A(ﬂl_d_vl_VZ)

, 0SN<
dg.(d +0)

A
d

[FOR PROOF SEE APPENDIX-D]

A PARTICULAR CASE

SIS MODEL WITH CONSTANT IMMIGRATION

If in the model if we put Y2 = 0
Y. Y, )X
(L_T:A_(ﬂl ALY —dX +v,Y;
ddYtT _ :BllY\ITX _ﬁSYNTYH —dY, -1,
ddYtH _ ﬁzT\le +ﬂ3YNTYH —dY,, — ¥,
dy
& =Y, —dY, —a¥

qt HYy a a
where

N=X+Y;+Y, +Y,

)

N A dN-—av,

dt

all the symbols have their same meaning as in the previous model.
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L A, —d - 1)
dg,(d +a)

, 6=0 it becomes sis model .
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EQUILIBRIUM ANALYSIS
In this case there exists four equilibria of the model.

E, - (o,o,o,,—Aj
1; d

2; E, = (YT 0.0,, N) which exists if Bod +v,

where
Y, :w N :A
B d
3;E2:(O’YH’Ya’N) ,  Which exists if Bord +
g Aa+d)(-d-p)
" au(B,—d - )+ Bd(a+d + )
v - Au(fp, —d — 1)
Y oou(B, —d - u)+ Brd(a+d + p)
N = Bd(a+d+ u)
where au(f, —d —p) + p,d(a+d + p)

4: By =0V, Yy, Y2, N), This is defined in three parts ;
(a) Ea (Y01 Yo Yaos No) Where
Y* _b1a4—a.2b2 * _b * ﬂbz N*—A ZL

- ’ Y - _21 = ’ -
e a,a, e, Y a(a+d)’ ° d da,(a+d)
it exists only when

Loyd+u
[{ﬂl(d 1) = By (d +v) ML+ —E )= By (B, —d — ) >0}

a+d

*

B, (Y1, Y Yo, NS ) Where

*

MYy
d+a

Vi a,b, —a,b, Vi a,b, +asb, v -
LT L . -~ rHY T L v laT
a,a, +a,a, a,a, +a,a,
Y T

'Td dd+a)

[ﬂl(d+ﬂ)—ﬂz(d+vl)](1+dﬂ ) = Bo(f, —d — )0
+a

ﬁlﬂz[";—“mm +d” } B, (B, —d — 1) % —u(d +a)B, )0

+a

(b)
© Es, (YT*Z ertz lYa*Z ,Z; ' N;) , (THE GENERAL CASE)

Where
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- _a,b —ayb, VA ab, —ab, . _IUYI:Z

Y - ’ - ' -
T2 a,a, - a,a, H2 a,a, —a,a, 2" 41 g
* A Y* H H 1
s= D 9 THe it exists provided that
d dd+a)

a,b, ) a,b, ,and ab,)a;b, ,i.e.
[B,(d + 1)~ B, (d +v) 1L+ —L—) = B, (B, —d — 1) )0

d+a
:Bzd +ﬁ3 (ﬂl_d _Vl_Vz)
P Py

where

—(d+u) )0,

au(B —d-v) Piu _n
d(d +a) +'Bl+d+a+ﬂ3,a3_ﬂ2 Bs

:aﬂ(ﬂz_d_ﬂ)+ﬂ n up, b :A(ﬂl_d_vl) b :A(/Bz_d_ﬂ)
! d(d +a) > d4a T d . d

alzﬁl’a?:

(FOR PROOF SEE APPENDIX—A)
STABILITY ANALYSIS

E,.E.,E, and E

now we study the local stability of equilibria 3and the non-linear stability

of non trivial equilibrium E3. The results are stated in the form of the following theorems .
THEOREM -1,

The equilibrium E.. By E
iy Bod+vy, B)d+pu
ﬂZd 133 (ﬂl—d—vl)
" —(d+4) )0
iy A B
[B.(d + u)- B, (d +V1)](1+dL) — Bo(B, —d - 1) )0
+a

(iii)
(FOR PROOF SEE APPENDIX -B)
THEOREM -2

2 js unstable provided the following conditions are satisfied .

The equilibrium Es =(Yr. Yy, Y2 NY)
conditions are satisfied.

is locally asymptotically stable provided that following

A Y, 4 Y'Y,
[Cl(ﬂ1+ﬂ3)_T*+C2(ﬁ2_ﬁ3) H*]2< ClCZﬂlﬂj =
(i N N oN
C AV ( 4¢,N"(d +a)
(ii) 9
ClYT*(:Bl_d _V1)2< uliL ‘
(iii) 9
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CzﬁzY; , , 4c,cy(d + a)ﬂzY;
——5——ucC -
N H 3] ( IN

. 4¢c,dB N”
CZYH (ﬁz —-d _/U)2< i
(v) 9
% <w
(vi) 9
[FOR PROOF SEE APPENDIX-C]
THEOREM-3

[
(iv)

The equilibrium E; =(¥r.Yi.Ya N )is a non linearly stable provided the following
conditions are satisfied

(i) (B, + Bs + Bm, — Bsm,
g Ame 0z N
(i) 9
(38, +p,) ( 2AMAN
(iif) 9
—fm 2 amm,(d +a)p,
( " +,um2) ( N
(B,m, + B,m, +ﬂ3m1)2<w
(v) 9
m,a®{ 4m,d(d +a)

(vi) 9
To prove the above theorem we need the following lemma.
The region of attraction is

2 4181ﬂ2m1
A

(iv)

OSYTSM,OSYHSM,OSYaS'LIA((ﬂZ_d_'H) ,OSNSA
dg, dg, dg,(d +a) d
[FOR PROOF SEE APPENDIX-D]
CONCLUSION

In this paper , a non linear model is proposed and analyzed to study the co- infection of TB
and AIDS.It is shown that the spread of AIDS increases due to co-infection of TB and AIDS
and the disease becomes endemic. It is also found that due to migration of HIV infection the
spread of AIDS increases further.

APPENDIX-A
The given model is

X A B BYIX oy o7

dt N T (A)
dY,  ABY.X BY.Y
@ oN N (A)
dYy _ BYuX | BYrYy
dt N N H T (A)
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dy A
& — Y, —dY. —aY

dt Hw SR (A)

dz A

—=yY,-dZ-60Z

dt vol )

WhereN =X+Yr+Y, +Y, +Z

SO
dN
—=A-dN-aY¥Y

dt “la (As)
the reduced system is given below,
dY; _ AL (N —Yr =Yy =Y, -7) . A _
dt N N
dYH ﬂZYH (N _YT -Y _Z) ﬂ3YTYH
= . + o (I a7 ) SRS
dy,
dt
dz

E:szT—dZ—HZ ............................................................................................... (A,)

= LY = (0 4 Q)Y ot coveeiis et ceteneias essisies sirensins s s e (A)

E, (0,0,0,0, EA)

EXISTENCE OF

It is obvious from the model (A7 """"" 'Aﬂ),we can find if Y=Yy =Y, =0
A
N=—
So d

This is diease free equilibrium.

extsTENCE oF E:(Y7,.0.0,Z,N)

Since Yh =0 :>Ya=0and Yr 20

_ A v,Y.
we get N=—, From ,we get Z=—2T
From (Ail) g q (Alo) g 9+d
crom (A7 we get
:BlYT(N_Y_T _Z_)_(d+V1+V2)Y_TN:O

since Y1 *0

So on solving , we get

V2 :A(ﬁ1_d_V1_V2) Z_:VZYT Nzé

! dg,v Tod+e’ T d
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Which exists if Bod+v, +v,
EZ(O’Y’\H !Y’\ayov IQ)

Y, =0=Z=0,And Y,,Y, #0

EXISTENCE OF

Since
So ,on solving Ao s Ao Ay We get,
oo Ala+d)B-d-p
" au(B, —d - u)+ fd(a+d + )
vV - Au(p, —d — 1)
au(f, —d —u)+ B,d(a+d + u)
N = Bd(a+d+ p)
ou(f, —d —p)+ p,d(a+d + p) . Which exists if Bord+u

ExISTENCE of =5 = (Yr:Yu:Ya, 2 ,N)

v,Y;
+6

From(A,), we get Y, g\:_ ., from(A,) We getZ" =
o

A, and A, Becomes
au(f—d —v, —v,) LB+
d(d +a) '

ap(f, —d — ) 1P, A(B, —d — 1)
d(d+0{) +ﬂ2+d+0{i| d ..................................... (A13)

So
BN 1 +Y,, {

ﬁlﬂ _'_ﬂ?} AB —d—-v,—-v,)

YT* (Bv—p,) + Y;{
where

_ _au(p,—d _Vl_Vz) ﬂyu _
a=vp,a,= d(d+a) +p+ +ﬂ3’a =BV —ps

:aﬂ(ﬂz_d_ﬂ)+ﬂ N up, b :A(ﬂ1_d_V1_V2) b :A(ﬂz_d_ﬂ)
* d(d +a) 2 d+a T d e d

p=14_22
d+o6

o Az And A13 Becomes

alY +aY, =by 8 8, =D e e e e e (AL)
now here arise the three cases -
(1):if @ =0= By = B so the equilibriun Es (Yro,Yio: Yao: Zos Ng)

so
* ba _ab * b * lle
VA L ks 1 SV BV S
a,a, a, a,(a+d)
Z*_Vz(b1a4_a2bz) N*_é_g Hb,
0= » No =
a,a, d da,(a+d)
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it exists only when
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Byd+u
A )= Po(d v v M )= (50 )0
(2)if <0so The Equilibrium b)E,, (Y;;,Y., Y0, Z, \N,;)  Where
v o a,b, —a,b, v a,b, +a,b, 7 :szT*l
" aa,+aa, ' aa,+aa, = d+6
N, _A_ ity , it exists providedthe following conditionsare satisfied
d d(d+a)

[B.(d + 1) = B, (d +v, +v,) 1L+ ) = B,(B, —d - 1))0

vﬂlﬁz[%mm +=-

a, >0 soThe Equilibriun

d+a

} —ﬂs(ﬂz—d—m%—u(dm)ﬁz )0

Ey, (Y5, Y, Yey Z5»N;) ,(THE GENERAL CASE)

(3) if ©
Where
Vg a,b, —a,b, VAT ab, —ab, . ::uYHZ
" aa,-aa, - aa,-aa, - d+a
o VY Yoo :
Z, = Yeln N, = Aoy, , it exists provided that
d+o d d(d+a)

a,b, ) a,b, , and ab, ya,b, ,i.e.

VA + 1) B, (d +v, +v,) 1+ ) = (B, —d — ) )0

B.d +ﬂ3 (B —d-v,—-v,)

d+a
—(d+p)v )0,

B By

Using the model (A7

my, m;,

My My,
M= 0 yz
Vs 0
0 0

where

— ﬂl(N _YT _YH _Ya -Z) _ ﬂlYT _ ﬂSYH

APPENDIX-B

All) , The general jacobian matrix can be written as follows;
m13 ml4 m15

m23 m24 m25
—(a+d) 0 0
0 —(0+d) 0
-a 0 —d

11 N
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_&—ﬁ3YT = _ﬁlYT :ﬁ

12 N N m13 N m14 N

_ AR _ﬂlYT (N —Yr =Yy Y, _Z)+ BsYrYy

m,. =
® N N? N?
= ﬁZYH + ﬁSYH m,, = ,Bz(N _YT _YH _Ya _Z)_ ﬁZYH + 183YT —(d +V)
N N N N N
m.. — _IBZYH — _ﬂZYH
23 N ’ 24 N
m.. — AR _ ﬁZYH (N —Yr =Yy Y, -Z) _ ST
25— 2 2
N N - N
Eo(o,o,o,o,dﬁ)

PROOF OF THEOREM-1 stability of

The jacobian matrix for E, is given by

p—d—-v, —v, 0 0 0 0

0 L, —d—u 0 0 0

M(E,) = 0 U —(d+a) 0 0
Vv, 0 0 —(d+6) O

0 0 -« 0 —d

the eigen values are Pr—d—v, —v, ,ﬁz_d_ﬂ,—(d"‘a),—(d +9),—d

since By d+vitv, , Byd+u so the equilibrium E, is unstable.

stability for £1(r.0.0.Z,N)
The jacobian matrix for Elis given as

by, by, b13 by b15

0 b, 0 0 0
M(E,)=0 u —(a+d) 0 0

v, O 0 —(d+6) O

0 O -a 0 —d

where
b11:_( 1_d_V1_V2)vb12:_(V:B1+ﬂ3)(ﬁ1_d_vl_vz)v by =b,=—(-d-v,-v,)
blsz(ﬂl_d_vl_vz)dz
B

Bo . Ps
b22:—d _

B +:Hl (ﬁl_d_vl_vz)_v(d+:u)
by, 0,,,—~(a+d)—(0+d)—d

Since eigen value are ,

VOLUME 21 : ISSUE 6 (June) - 2022 Page No:799



YMER || ISSN : 0044-0477 http://ymerdigital.com

Since P2 >0 so E, is unstable

E,(0.Y,.Y,.0,N)

stability of
The jacobian for E,ls
a o 0 0 0
b, b, b, b, b,
M(E,)=0 u —(a+d) 0 0
v, 0 0 ~(0+d) ©
0 O -a 0 —d
Where
A ﬂs(ﬂ"’d)(ﬂz_ﬂ_d) ~ P b (a‘l'd)(ﬂz_d_:u)
a =(u+dp - ~B,(d+v, +v,)b, =
a+d+u 5, a+d+u
6 __ﬂz(a+d)+(d2 + o+ 1 +ad)
2 a+d+u ’
) :_(:Bz_d_,u) b _(ﬁz_d_ﬂ)
a+d+u Y oa+d+u
¢ _(a+d)g —d—p)
° (a+d+p)
One of the eigen values is % which is >0 i.e. E, is unstable
APPENDIX-C
Local stability of Equilibrium Es (YT Yuova,Z N )By Lyapunovmethod,
The model (A7 - All)can be linearised by making of following assumptions
Yo=Y 4y, Yo=Yy 4y, Y.=Ya 4y, Z=Z"+z, N=N"+n
we get
dyY;
dt =My Yr + My, Yy + MY, + My Z +mgn
dy,
W =My Y7 + My Yy +MyY, +MyZ + My
dy
2 = -d+«a
dt :uyH ( )ya
dz
G =V (@)
an_ —aY, —dn
dt
Where we use following Lyapunov function ;
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Where €1 C2:C5,C4, Cs are to be determined.
So
: dy. dy dy dz dn
V =¢C VY, ——+C,Y,, —+¢C,y. —2>+C,Z—+C.N—
lyT dt 2yH dt 3ya dt 4 dt 5 dt

ClyT (mllyT + m12 yH + m13 ya + rnl4Z + mlSn)+ C2 yH (mZIyT + m22 yH + m23 ya + m24Z + m25n)

+03Ya(ﬁ‘yH —(d+a)y,)+c,z(v,yr —(0+d)z) +cn(-ay, —dn)

1 1 1 1

= chm11YT2 +Yr Yy (C1m12 + C2m21)+zczm22 qu }' ZC1m11YT2 +YrYa (C1m13)_ZC3 (d + a)vi}
1 ) 1 .1 [1 ) 1 .,

+ chmllyT +Yr Z(C1m14 + C4V2)_ZC4 (d + ‘9)2 + chmllyT + yTn(C1m15)_ZC5dn

1 1 1 1
+ Zczmzzys{ + Yy Ya(czmza "’ﬂcs)_zcs(d +a)y§}+[zczmzzya + Yy Zz(C2m24)_ZC4(d +9)22}

+ %czmzzy,i +yHn(czm25)—%c5dn2} +{—%cs(d +a)y§—0—%c4(d +¢9)22}

+ —%cs(d +a)y? + yan(—csa)—%c&;dnz}{—%q‘(d +6)z° +0—%c5dn2}

for theequilibrium Es(YT*,YH*,Ya*,Z*, N*)

AA Y, AS Y.
my = Nl*T My, :(_ﬂl_ﬂ3)N_T*’m13 :ﬁ:mu’mls :(ﬂl_d _Vl_Vz)ﬁ

* *

Y BY. Y
My, = (_ﬂz +183)_H*! My, =My =My, =25 My = ((ﬂz —d _/u))_H*
N N N
0
since all thecoefficientsofsqureterms are negativesoV WILL be negativedefinite providedthe following
conditionsare satisfied.

Ky, *

Y, Y, c,C Y.Y
0,05, + B)y =+ 0,8, — )1 Sl
() AN
. N”(d

c BY; ¢ M
(ii) j

VAR —c,v, | ¢ c,c (0 +d)BYr
) e N
(iii)

c.ANd

ClYT*(ﬁl —-d- Vi—=V, )2 <
(iv) 4
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C,C5(d +a)B,Yy
4N’

AN
[ Zflz* s _/'ICS]Z <
(v)
. d+6)N”
e (GdrON
(vi) 4
. dg,N"
- C,Yh (132 —d —,u)2< SN
(vii) 4
(viiiy €s€a)0
c.q? <Cs(d +a)
(ix) 4
(x) c,Cs)0
APPENDIX-D

(NON LINEAR STABILITY)
PROOF OF THE LEEMA

From model (A7""A3) we can obtain as follows;

N A—dN-aY, <A—dN=N<A
dt d
do\l(tT _BY:(N-Y; IgYH -Y,-2) _ﬂsT\TIYH —(d v, +,)Y,
v _BYC
S(ﬁl_d_vl_vz)T N
=Y, < AlB ~d v, —v,)
dg,
YHSM dYa:IUY _dY _aY
similarly pod and dt " ) a
Sy <P md - Au
© Bd(d+a)

dz A(ﬂl—d—vl—VZ)Vz
a:szT—dZ—GZ —~7< dﬂl(d +0)

so the region of attraction is
Y, < A(ﬁl —d-v _Vz)

0< dg, ,
L (B, —d—p)Au A —d=vi—v,)v,

0< = PBdd+a) o<Z< dg, (d +6)
O0<NZK A

d
PROOF OF THE THEOREM
In this case we use the
function;
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W:(YT —YT*—YT*Iogi—T*}+ml[YH VY ii}%(va—va*)z 73(N i +%(Z—Z*)2
T H

on differentating and substitutng the values from model we get;

B * —P— B - ﬂzm + M £,m
LN (VA Y AN Al \ & } 4(Y _y )( < ﬂ
¥ 461 (v, - ) + (YT—YT*)(Ya—YaI pam, +ym2j——m (d+a)(Y, - )}

'81 _V* N ﬂlYT+ﬁlz+ﬂlYa+(ﬁl+ﬂ3)YH}_l R
| LY VANAYAY O VARG (YR )){ - Lam, (v - )}
|28 LY S Y A )( Py mj Im (d+9)(Z—Z*)2}

4N T 2 4 M

B(YH Y )ZK_ﬁZ*mquu(YH " \2 —Ya*){%+yml}—%mz(d +a)(Y, —Ya*)z}

+ %(YH _Y:')Z(_le*mlj_i_(YH _Y|-T XN _ N*){ﬁZleT +(YH +Y|i”-\|i-*z)ﬂ2ml _ﬂ3leT }_%de(N _ N*)2j|

1 <2 = FMy * o= Bmy 1 2
4 Z(YH —YH)[ = j+(YH —Y \z-2 JE) A +0)Z-2) }

+ —%mz(d ra)Y, =Y f +(v, =Y N -N")- msa)—%de(N - N*)z}

+ —%mz(d +a)Y, -, f +O—%m4(d +0)(Z —Z*)Z}{—%dms(N ~N"Y +O——%dm3(N - N*)Z}

Yr

CONSIDER N
0

Wiis negative definite if the following conditions are satisfied ;

() B+ o+ oy = pm, ) ( LLT
[@—ﬂmzj <ﬂ1mz(d+a)
(ii)

z|<

Yz
N N

N 4AN”

(ap, + p.  SMAN
(iii) 4

[ b,y mj UVACRT)
(iv)

4N”
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- M, i m,m, (d + a) 5,
_— m
[ N* +/Ll 2 < 4N*

(v)
m,, dm,5,

_(4B,-B)
(vi) N
(ﬁfmlj (Ma(d+0)B,
(vii)

N” 4
o ( m,d(d + )
(viii) 4
(ix) m,m,,m,m, )0
FOR SIS MODEL,;

APPENDIX-A1
The given model is

dX (ﬂlYT + oY )X
dt N N (A)

dY; _ B X _ AT

—dY; —vY.
dt N N e (A)
dYy _ BYuX | BYrYy
= + —dY, — uyY
at - NN (A)
dy
& =Y, —dY, —aY
dt T T (A)
Where N =X +Y +Y, +Y,
SO
dN
—=A-dN-a¥Y
dt R (A)
the reduced system is given below,
dYT /B1YT(N —Yr =Yy —Y -Z) PYr Yy
= a - —(d+ V)Y e e
o N S d )Yy (A)
dYH IBZYH (N _YT —Y.—72) ﬂBYTYH
= 2 + o (a0 7) ) ARSI A
dt N N ( ) H ( 7)
dy
dta = LYy = (0 Q)Y 4 e et ereies it et s st s s (A)
d—N:A—dN—aYa ............................................................................................ (A)
dt
E,(0,0,0,2)
EXISTENCE OF d
It is obvious from the model (Ae """"" 'Ag),we can find if Yr =Yy =Y, =0
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N =

A
So d

This is diease free equilibrium.

exisTENCE oF 5 (Y700, N)

since Th=0 = Ya=0_4 Y;=0
(A )we get N:é,

From d

from (Aﬁ)we get
ﬂlYT(N_Y_T)_(d +V1)Y_TN:0
Since Yr #0
So on solving , we get
v = AB —d —v, —V,) ’N:é
dgv d

Which exists if prd+v,
E,(0.Yy.Y,,N)

Y, =0And Y,,Y, #0

EXISTENCE OF

Since

So ,on solving Ao By Ay We get,

v - A(a +d)(B, —d — 1)
" au(B, —d —u)+ pyd(ar+d + )
v _ Au(B, —d - p)

Y au(B, —d—u)+ Bd(a+d + p)
Sd(a+d+ u)
au(f, —d — )+ ,d(a+d + u) . Which exists if Byd+u

N =

EXISTENCE ofF =3 = (Yr:Yu: Yo, N)

o MY
, wegetY, = ,
. A auY,
From(A) N' == ——H
From d d(d+a)
so M and A, Becomes
. o ou(B —d—v,)) A(p,—d -v,)
BY T+YH{ “Cﬁldm) d +,Bl+dﬁ%+ﬂ3} =% ...................... (A,)

o «| au(B, —d — u) P, | _ AP, —d—w)
YT (ﬂZ 133) +YH|: d(d+a) +ﬂ2+d+a:| - d
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where
—d-
alzﬂliazzaﬂ((jlg(ld+a)‘/1) B+ ,B1,U +ﬁ31a =B, =B
:aﬂ(ﬂz_d_ﬂ)+ﬂ n 1P, b :A(/Bl_d_v1) b — A(B, —d — u)
* d(d +a) 2 d+a d e d

A12 And A ; Becomes

aiY F Y =0y, @Y =0, e e (A,)
now here arise the three cases -
a, =0= f3, = f3, so the equilibrium E,;(Y;5, Y0, Yao: Ng)

(1);if
SO
YT*O = D18 — 2P, ' Y:io = b_2, Ya*O = a
a,a, a, a,(a+d)
Z*:Vz(b1a4_a2bz) N = A a i,
° aa, " d da,(a+d)
Bord+u

£B,(d + 1) — B, (d +v )L+ —2
a+d

it exists only when {

Y- (B, —d - 1) >0}

(2)if a, <0so The Equilibrium E,, (Y;,,Y/;, Y,
~ a,b —a,b ~ _ ab, +asb,

N, ), Where

al?

Y — 4™1 2™2 ,Y — ,
™ aa,+aa, ' aa,+a,a,
. A Y, L . : » -
L =— _ OH T , it exists providedthe following conditions are satisfied.
d d(d+a)

[ﬁl(d+u)—ﬂ2(d+vl)]<1+d” ) = Bo(f, —d — )0
+a

ﬁlﬂz[ +a+d + ~ } _ﬂs(ﬂz_d_ﬂ)%_,u(d"'a)ﬁz )0
d+a d

a, >0soThe Equilibrium . E.,(Y;,,Y,,.Y., »N,) ,(THE GENERAL CASE)

(3) if ©

Where

Y: = a,b, —a,b, N = ab, —ab N = Yy,
a,a, —a,a, a,a, —a,a, d+a
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- A_ oYy, , it exists provided that
d dd+a)

a,b, ) a,b, , and ab,)a,b, ,i.e.
[5,(d + ) - 3, (d +v1)](1+dL) — B(B, —d—u))0
+a

ﬂ2d+ﬁ3(ﬂl_d_vl)_(d+ﬂ) Y0

Py By
APPENDIX-B1
Using the model (A6 """"""" Ag) , The general jacobian matrix can be written as follows;
mll m12 m13 m14
m21 m22 m23 m24
M= 0 H —(a+d) 0
0 0 -a —d
where
LIN=-Y; =Y, =Y,) ABY;: BY LY:  BY - Y
m, = 1 T H _lT_3H_d_V1m12: 1'T 3T’m13: 1T
N N N N N N
_ ﬁlYT _ ,BlYT (N _YT _YH _Ya) ﬂBYTYH
m, = 2 + >
N N N
Y Y N-Y;-Y,-Y,-Z Y Y.
Zl:ﬁZH_'_ﬂSH,mZZZﬂZ( T H )_ﬁZH_'_ﬂST_(d_'_lu)
N N N N N
-BY
My, = l\2| .
m. — ,BzYH _ ﬂZYH (N _YT _YH _Ya) _ ﬂ3YTYH
24 — 2 2
N N N
E,(0,0,0, é)
PROOF OF THEOREM-1; stability of d

The jacobian matrix for E, is given by

p—-d—v,—v, 0 0 0

0 B, —d—pu 0 0

M(E,) = 0 Y7, —-(d+a) O
0 0 - —d
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the eigen values are £ —d-v, f=d—p —(d+a) —(d+06) 4
since Pod+vy ., Bryd+u so the equilibrium = is unstable.
Stability for E:(Yr.0.0.N)

The jacobian matrix for Elis given as

bll b12 b13 b14
0 b, 0 0
M(E,)=0 u —(a+d) 0

0 O -a —d
where by, :_('Bl —d _Vl) by :_(181 +ﬂ3)(ﬁ1 —d _Vl)’ by =—(8—-d-v)
b14:(ﬂl_d_vl)d2
B
B Ps
b,, =—=d+—
By +,31 (B, —d—v,)—(d+p)
by, 0, ~(a+d)—~(@+d)—d

Since eigen value are ,

b,, >0 so E, is unstable

stability of EZ(O’YH Yo N)

Since

The jacobian for E,is
a o0 0 0
b’\1 t:;2 l53 64
M(Ez): 0 u —(Ot+d) 0
0 0 - —d
él:(ﬂ+d)ﬁ1_ﬁ3(ﬂ+d)(ﬁ2_’U_d)—ﬂz(d+v1),61:’63_'32 (a+d)(ﬂ2—d—,u)
Where a+d+u B a+d+u
b __ﬂz(a+d)+(d2+0!,u+,ud+ad)
2 a+d+u ’
Q:M

a+d+u
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b~ B-d-p) o _(a+d)B,—d—p)
a+d+u , ° (a+d+p)

One of the eigen values is % which is >0 i.e. E, is unstable

APPENDIX-C1

Local stability of Equilibrium E,(Y,"Y.,".Ya",N")By Lyapunovmethod

The model (Aﬁ - Ag)can be linearised by making of following assumptions
Y=Y 4y, Yy =Y, 4y, Y.=Ya +y,N=N"+n

we get
d¥,
dt
dy,,
dt
dy,
dt
an =—-a¥Y, —dn
dt
Where we use following Lyapunov function ;
voCYT L CoYh L GYe G
2 2 2 2

=My yr +Myyy, +My, +myn

=My Yr + My, Yy + My Y, +Myn

=Wy _(d+a)ya

Where €1, €, G5, Cy are to be determined.
So
: dy dy dy dn
V=CYy, ——+C,Y, ——+Cy, —=+C,N—
lyT dt 2yH dt 3ya dt 4 dt

_ Cyr (M Yy + My Yy My, +mn)+ Yy, (My vy + My, Yy, +myy, +my,n)

+ C3ya(/uyH _(d +a)ya)+ C4n(_ oy, _dn)
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1 1 1 1

= {5 ClmllyTZ + ¥YrYu (Clm12)+ gczmzz yl%l }"' {Z ClmllyT2 +YrYa (C1m13)_ ch (d+a) yi}
1 2 1 2

+ §C1m11yT + yTn(clm14)_§C4dn

1 1
+ gczmzzya + Yy ya(czmzs +ﬂC3)_ZC3(d +a)y§}

1 1
+ gczmzzya +Yu n(czm24)—§c4dn2}

+ —%cs(d +a)y?+y,n(- c4a)—%c4dn2}

for theequilibrium Es(YT*,YH*,Ya*, N*)

* * *

S AA Y. - p.Y Y.

my = ﬁl*T 1m12:(_ﬂl_ﬂa)N_T*’mm:%’mm:(ﬂl_d_vl)ﬁ
Y, Y, Y,
m21:(_ﬁ2+ﬂ3)N_H*!m22=m23:ﬂ|il—*H'm24=((ﬂ2_d_ﬂ))N_H*

0
since all thecoefficientsofsqureterms are negativesoV WILL be negativedefinite providedthe following
conditionsare satisfied.

Y* Y* 2 41 21 ZYT*YI:
0,5, + B) 35+ Ca (B, — )T (AL
ON

(M
C1,B1YT*< w
(ii) 9
. 4 N"d
.Yy (:B1 —d _Vl)z ( L
(iii) 9
VAN _ 2, 4c,Ci(d + @) B,V
[ N* ILlC3] < 9N*
. 4c,dB,N”
C,Yy (ﬁz —d _/U)2< %
(V)
¢, <403d(d +a)
(vi) 9

(iv)

APPENDIX-D1
(NON LINEAR STABILITY)
PROOF OF THE LEEMA

From model (AﬁAg) we can obtain as follows;
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N A—dN-av,<A-dNoN<A
dt d
dYT _ :BlYT(N —Yr =Yy _Ya) _ﬂ3YTYH —(d +V1)YT
dt N N
_ﬂlYTz
S(ﬁl_d_vl) T N
:YT S A(ﬂl_d _Vl)
dg,
—d-wA —-d-u)A
HSM %:ﬂYH_dYa_aYa:YaS(ﬂz i M)Al
similarly b, and B,d(d +a)
so the region of attraction is
AB-d-vi-v) _(Bmd-wA (B -d - A
T - - a—
0< dg; ,0< " Bd ,0< B,d(d +a) )
0<N SA
d

PROOF OF THE THEOREM

In this case we use the following Lyapunov function;

W =Y, -V, Y log ot [emy[ Y~ — v tog it |+ Mefy, —y o s
Y v, 2 2

on differentating and substitutng the values from model we get;

_ﬂl_ﬂS ﬂzm +ﬁ3

B, . .
{3N (Y Y ) (YT _YT XYH _YH

{;Nﬂi (v, =, + (v =Y ), —Ya*{iimlj—lmz(d +a)ly, —Ya*)z}

— B .
+{3N*(YT—YT) +(v, ;)N

1 2 = B,m; « A\ —
{g(YH —YH)( = j+(\/H —YH)(Ya—Ya){

)ﬂzm - Bm,Y;

(N-N°F

£,my

} 3(Y Y )( N’

»{ﬁlv AN ﬂl+ﬂ3)YH}_%O,%(N_N*)z}+

ﬂiml +um2}—§m2(d +a)l, —Y;)z}

+E(YH —YJ)Z(_ﬁimJ +(v, -Y NN ){ﬂsz +(v

{—%mz(d ra)(Y, =Y, f + (v, -y (N =NT)- mga)—gdm3(N - N*)Z}

Y.

consipDEN N N
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Wiis negative definite if the following conditions are satisfied ;

(i) (B, + Bs + Bym, — Bym,
4m,(d +a)N”

2 4ﬁ1ﬁ2m1
P

B
iy 9
4d N*
(3, +p,) ( 2AAN
(iii) 9
(_ﬂz*m1 +ﬂm2j2< 4m,m, (d '*"a)ﬁz
(iv) 9N
48 mm.dN”
(Bom, + o, + ym,) 22PN
(v) 9
e 4m,d(d + )
(iv) 9
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